Notes for Lecture 1 Mon, 1/12/2026

Review: Matrix calculus

Example 1. Matrix multiplication is not commutative!

RN ERNER)

Multiplication (on the right) with that “almost identity matrix" is performing the column operation
Ca2+2C1 = Cs (i.e. 2 times the first column is added to the second column).

BRI

Multiplication (on the left) with the same matrix is performing the row operation R; + 2Ry = R;.
First comment. This indicates a second interpretation of matrix multiplication: instead of taking linear
combinations of columns of the first matrix, we can also take linear combinations of rows of the second
matrix.

Second comment. The row operations we are doing during Gaussian elimination can be realized by
multiplying (on the left) with “almost identity matrices”.

1 1 123
Example 2. [1 2 3| 2 |=[14 ] whereas| 2 |[1 2 3]|=| 2 4 6
3 3 369

If you know about the dot product, do you see a connection with the first case?

Example 3. Suppose A is m x n and B is p X q. When does A B make sense? In that case,
what are the dimensions of A B?

A B makes sense if n=p. In that case, AB is a m X ¢ matrix.

31 1 -1] |10
Example4.{2 1”_2 3 ]_ 0 1]

On the RHS we have the identity matrix, usually denoted I or I3 (since it's the 2 X 2 identity matrix here).

-1 -1
: . 31 [ 1 = 1 -1 _[31
Hence, the two matrices on the left are inverses of each other: [ 5 1 } —{ 5 3 }, [ 5 3 } —{ 51 }

Example 5. The following formula immediately gives us the inverse of a 2 x 2 matrix (if it exists).
It is worth remembering]!

a b1 1 d —b ided that ad — bc#0
T — roviae at aa —0c
c d ad—bc| —c a P
' 1 d —b a b |__ 1 ad—bc 0 _
Let's check that! adfbc|:—c a Mc d}_adfbc{ 0 —cb+ad]_12

In particular, a 2 X 2 matrix { ch Z } is invertible <= ad — bc+£0.

Recall that this is the determinant: det([ ‘(f Z ]) =ad—be.

In particular:

det(A)=0 <= A is not invertible
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Similarly, for n x n matrices A:

A is invertible (i.e. there is a matrix A~! such that AA=1=1)
<= det(A4)+#0
<= Ax=> has a unique solution (namely, = = A~ 'b)

Comment. Why is it not common to write % instead of A~17?

.1 . L . B _ . _
The notation x easily leads to ambiguities: for instance, should — Mmean BA~! or should it mean A—1B?

[Of course, one could try to avoid this by notations like B/ A which would more clearly mean BA~!. It's just
not common and doesn't have any real advantages.]

Example 6.

123 1 00 -7 2 3
4 5 6 -4 10 |=|] —16 5 6
789 0 01 —25 8 9

Multiplication (on the right) with that “almost identity matrix” is performing the column operation C7 —4C5 =
C7 (i.e. —4 times the second column is added to the first column).

1 00 123 1 2 3
-4 10 456 |=0 -3 —6
0 01 789 7 8 9

Multiplication (on the left) with the same matrix is performing the row operation Ro — 4R = Ro.

Comment (again). The row operations we are doing during Gaussian elimination can all be realized by multi-
plying (on the left) with “almost identity matrices’.

These matrices are called elementary matrices (they are obtained by performing a single ele-
mentary row operation on an identity matrix).

Elementary matrices are invertible because elementary row operations are reversible:

—1

100 1 00 100*1{1 ] 010 010

210 =] -2 10|, 020 = é , 100 =100

001 0 01 001 [ 1J 001 00 1
Armin Straub 2

straub@southalabama.edu



Notes for Lecture 2 Wed, 1/14/2026

Example 7. Let us do Gaussian elimination on A = [i _16 ] until we have an echelon form:

2 1 R:—2Ri=R>| 2 1
A: ~
1] =y

As last class, the row operation can be encoded by multiplication with an “almost identity matrix’ E:

EREEIRE

-1
Since [ 712 (1) } :{ ; (1] } (no calculation needed; this is the row operation Ry + 2R; = Rg which reverses our

above operation), this means that
1|10 2 1
A=E"U= [ 21 0 -8 |’

We factored A as the product of a lower and an upper triangular matrix!

A= LU is known as the LU decomposition of A.

L is lower triangular, U is upper triangular.

If Aism X n, then L is an invertible lower triangular m x m matrix, and U is a usual echelon form of A.
Every matrix A has a LU decomposition (after possibly swapping some rows of A first).
e The matrix U is just the echelon form of A produced during Gaussian elimination.

e The matrix L can be constructed, entry-by-entry, by simply recording the row operations
used during Gaussian elimination. (No extra work needed!)

Example 8. Determine the LU decomposition of A:[ L2 }

3 4
Solution. A= [ 3 1 } RQ?SEQ:}RZ[ (1) 32 } translates into [ 713 H } [ }
Since [ j3 (1) }71 :{ ; (1) ] (no calculation needed!), we therefore have A = [ ; }
11 21
Example 9. Determine the LU decomposition of A= 32 72
-2 6 -3 1

Solution. We perform Gaussian elimination until we arrive at an echelon form:

Ro—3R1=R>

11 21 1 12 1 12 1
R3+2Ri=R R3+8Rs=R
32 7o |WTEETEIg g g | BTETE Ly 11
-2 6 =31 0 81 3 0 09 -5
Observe that we can reverse both of these steps using the row operations Ra+3F1 = Ro

Rs—2R1 —8Rs= R3
Encoding these in L, the corresponding LU decomposition of A is

1 1 12 1
A=LU=| 3 1 -1 1 -1
-2 =81 9 -5

Note that no further computation was required to obtain L. (The entries in the matrix L are precisely the
(negative) coefficients in the original row operations.)

Armin Straub 3
straub@southalabama.edu



Ro—3R1= R>
R3+2R1= R3

That is because we change Rs in the first step, and then use the changed Rs in the second step. Indeed, note that

Comment. By contrast, combining the operations and R3+ 8 Ro = R3 requires computation.

1 1 1

01 -3 1 = -3 1 ,
081 2 01 —22 8 1
Ro—3R1= R

so the combined operations are (you can also see that directly from the operations).

R3s—22R1+8R2=R3
On the other hand, there was no such complication when combining the reversed operations:
Ro+3R1= R> Ro+3R1= R>
R3—2R1= R3 R3s—2R1 —8Ro= R3
The difference is that, here, we change R3 in the first step but then don't use the changed R3 in the second
step. In terms of matrix multiplication, we have

Combining R3 — 8R2 = R3 and simply results in , as used above.

1 1
3 1 0 1 =1 3 1 ,
0 -8 1 -2 -8 1

where, because of their special form, the product of the two lower triangular matrices is just “putting together”
the entries (unlike in the non-reversed product).

Review. The RREF (row-reduced echelon form) of A is obtained from an echelon form by
e scaling the pivots to 1, and then
e eliminating the entries above the pivots.

A typical RREF has the shape [* represents an entry that could be anything]

*  %*
* %

_ o O
* % ¥

Example 10. Let's compute the RREF of the 3 x 4 matrix from Example 9.

Solution.
11 21 Be-3B=R 11 1 9 1 1 12 1
Rs+2R R: R3+8 R: R:
39 7o | BPLTR g o g | ETREEE 1
—26 -3 1 |0 81 3 0 09 —5
TRzéRz |' 11 2 ]_-I R1—2Rs=R1 IV 110 % |71 00 g-l
ER:L::R:; 01 -1 ;— R2+Ij§):>R2 010 g Rl*{%ﬁiRl 010 %
00 1 -3 001 -2 001 -2

Example 11. The RREF of A:[ 2 16 ] from earlier is the 2 x 2 identity matrix.

Comment. That's not surprising: A square matrix is invertible if and only if its RREF is the identity matrix. If
that isn't obvious to you, think about how you invert a matrix using Gaussian elimination (reviewed next).
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Notes for Lecture 3 Fri, 1/16/2026

Review. Recall the Gauss—Jordan method of computing A~!. Starting with the augmented matrix
[A | I], we do Gaussian elimination until we obtain the RREF, which will be of the form [I | A™1]
so that we can read off A~1.

Why does that work? By our discussion, the steps of Gaussian elimination can be expressed by multiplication
(on the left) with a matrix B. Only looking at the first part of the augmented matrix, and since the RREF of
an invertible matrix is I, we have BA = I, which means that we must have B = A~L. The other part of the
augmented matrix (which is I initially) gets multiplied with B = A~ as well, so that, in theend, itis BT =A"1.
That's why we can read off A~

1

For instance. To invert [ i 6 } using the Gauss—Jordan method, we would proceed as follows:

%R1:>R1 e s )
|:2 1{1 0 R:—2R1=R> 2 1 10 *%R2:>R2 1 2132 0 R]*éR2§R1 10 T 16
4 —6|0 1 e 0 —-8|-21 ~ 11 ~ 5 16
0117 =3 017 —3%
2 1 17t 2 L
We concludethat[4 76} =3 g
4 8
—1
Of course, for 2 X 2 matrices it is much simpler to use the formula[a b] :#{ d *b}
c d ad —bec| —c a

Review: Vector spaces, bases, dimension, null spaces

Review.
e \Vectors are things that can be added and scaled.

e Hence, given vectors vy, ..., v,, the most general we can do is form the linear combination
Av1 + ... + Apv,. The set of all these linear combinations is the span of v, ..., v,,
denoted by span{vy, ..., v,}.

e \ector spaces are spans.

Equivalently. Vector spaces are sets of vectors so that the result of adding and scaling remains within
that set.

Homework. Of course, the latter is a very informal statement. Revisit the formal definition, probably
consisting of a list of axioms, and observe how that matches with the above (for instance, several of
the axioms are concerned with addition and scaling satisfying the “expected" rules).

e Recall that vectors from a vector space V' form a basis of V' if and only if
o the vectors span V/, and
o the vectors are (linearly) independent.

Equivalently. vy, ..., v, from V form a basis of V' if and only if every vector in V' can be expressed as

a unique linear combination of vy, ..., v,.
Just checking. Make sure that you can define precisely what it means for vectors v, ..., v, to be
independent.

e The dimension of a vector space V' is the number of vectors in a basis for V.

No matter what basis one chooses for V, it always has the same number of vectors.
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Example 12. ]R3 is the vector space of all vectors with 3 real entries.

R itself refers to the set of real numbers. We will later also discuss C, the set of complex numbers.

17To0] o
The standard basis of R? is l 0 ],l 1 ],l 0 ] The dimension of R? is 3.
ollol 1

Review. The null space null(A) of a matrix A consists of those vectors « such that Az =0.

Make sure that you see why null(A) is a vector space. [For instance, if you pick two vectors in null(A) why is
it that the sum of them is in null(A) again?]

Example 13. What is null(A) if the matrix A is invertible?

Solution. If A is invertible, then Az =0 has the unique solution z = A~10=0.
Hence, null(A) = {0} which is the trivial vector space (consisting of only the null vector) and has dimension 0.

-1 0 2
Example 14. Compute a basis for null(A) where A:[ 2 -3 2 ]

Solution. We perform row operations and obtain

—Ri= R

-1 0 2 Rat2R1= Ry -1 02 i 10 =2

R‘ Rl R3 __R :>R
nadl| | 2 =3 sti=fe ol | o -3 6 S| | o1 —2
1 0 =2 0 00 00 O

From the RREF, we can now read off the general solution to Ax =0:

e 1z and x2 are pivot variables. [For each we have an equation expressing it in terms of the other variables;
for instance, 1 — 2x3 =0 tells us that x1 = 2x3.]

e 13 is a free variable. [There is no equation forcing a value on x3.]

2383
e Hence, without computation, we see that the general solution is | 2x3
xr3
2
In other words, a basis is | 2
1

Comment. We are starting with the three equations —x1 + 223 =0, 227 — 322 + 223 =0, 1 — 223 = 0.
Performing row operations on the matrix is the same as combining these equations (with the objective to form
simpler equations by eliminating variables).

20 2
Example 15. Compute a basis fornull{ | 2 0 2
1 01
Solution.
R:—Ri=R
2 0 2 Rsz—%R1:>]%23 2 0 2 %R1:>Rl 1 O 1
null 20 2 = null 000 = null 000
101 000 000
—x3 0 —1
This time, 2 and x3 are free variables. The general solution is To =x2f 1 |+2x31 O
0 —1 I3 0 1
Hence, abasisis | 1 |,| O
0 1
Armin Straub 6
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Notes for Lecture 4 Wed, 1/21/2026

Review: Eigenvalues and eigenvectors

|If Az =Ax (and & #0), then x is an eigenvector of A with eigenvalue A (just a number). |

Note that for the equation Ax = Ax to make sense, A needs to be a square matrix (i.e. n X n).
Key observation:
Ax=)x
— Ax—)\x=0
— (A-X)xz=0

This homogeneous system has a nontrivial solution @ if and only if det(A —AI)=0.

To find eigenvectors and eigenvalues of A:

(a) First, find the eigenvalues A by solving det(A — AI') =0.

det(A — A1) is a polynomial in A, called the characteristic polynomial of A.

(b) Then, for each eigenvalue A, find corresponding eigenvectors by solving (A — AI)x =0.

More precisely, we find a basis of eigenvectors for the A-eigenspace null(A — \I).

40
Example 16. A=| 2 2 has one eigenvector that is “easy” to see. Do you see it?
10

0
Solution. Note that A[ 1 ]:

0 0
2 }:2{ 1 ] Hence, [ 1 ] is a 2-eigenvector.
0 0

0

0 2 0 0
Just for contrast. Note that A[ 0 ]:[ 2 }7&)\[ 0 } Hence, { 0 } is not an eigenvector.
1 3 1 1

Suppose that A is n x n and has independent eigenvectors @1, ..., x,,.
Then A can be diagonalized as A = PD P~ where

e the columns of P are the eigenvectors, and

e the diagonal matrix D has the eigenvalues on the diagonal.

Such a diagonalization is possible if and only if A has enough (independent) eigenvectors.

Comment. If you don't quite recall why these choices result in the diagonalization A= PDP~1, note that the
diagonalization is equivalent to AP = PD.

e Put the eigenvectors x1, ..., ®,, as columns into a matrix P.

| \ | \
Az =iz, — A[ T - Ty =| Mmoo Apmg
| \

e In summary: AP=PD

Armin Straub 7
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4
Example 17. Let A=| 2
1

o NN O
W DN DN

(a) Find the eigenvalues and bases for the eigenspaces of A.

(b) Diagonalize A. That is, determine matrices P and D such that A=PDP~!.
Solution.

(a) By expanding by the second column, we find that the characteristic polynomial det(A — \I) is

2
3—A

> NN

—(2—,\)' A ‘—(2—>\)[(4—)\)(3—>\)—2]—(2—>\)2(5—>\).

Hence, the eigenvalues are A =2 (with multiplicity 2) and A =5.

Comment. At this point, we know that we will find one eigenvector for A = 5 (more precisely, the 5-
eigenspace definitely has dimension 1). On the other hand, the 2-eigenspace might have dimension 2 or
1. In order for A to be diagonalizable, the 2-eigenspace must have dimension 2. (Why?!)

-1 0 2
e The 5-eigenspace is null 2 -3 2 . Proceeding as in Example 14, we obtain
1 0 -2
-1 0 2 RREF 10 -2 2
null 2 =3 2 = null 01 =2 = span 2
1 0 -2 00 O 1
2
In other words, the 5-eigenspace has basis | 2
20 2
e The 2-eigenspaceisnull| | 2 0 2 . Proceeding as in Example 15, we obtain
101
20 2 RREF 101 0 —1
null 20 2 = null 000 = span 1] O
101 000 0 1
0 -1
In other words, the 2-eigenspace has basis | 1 |,| 0
0 1

Comment. So, indeed, the 2-eigenspace has dimension 2. In particular, A is diagonalizable.

20 —1 500
(b) A possible choiceis P=| 2 1 0 |, D=|0 2 0
10 1 00 2

Comment. However, many other choices are possible and correct. For instance, the order of the eigen-
values in D doesn't matter (as long as the same order is used for P). Also, for P, the columns can be
chosen to be any other set of eigenvectors.
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Notes for Lecture 5 Fri, 1/23/2026

Example 18. (extra practice) Diagonalize, if possible, the matrices

341 001 101
A={020|, B={0O0O0O]|, C=]000 .
1 4 3 000 000
1 —4 —1 4
Solution. For instance, A=PDP~'withP=|0 1 o0 |and D= 2 . B is not diagonalizable.
1 0 1 2
10 —1 1
For instance, C = PDP~1 with P=|0 1 0o |and D= 0
00 1 0

\ Review: Computing determinants using cofactor expansion

Review. Let A be an n x n matrix. The determinant of A, written as det(A) or |A|, is a number
with the property that:

det(A)#0 <= A is invertible
<= Az =b has a (unique) solution x (for all b)
<= Ax =0 is only solved by =0

Example 19. ‘C‘ g‘:ad—bc
1 20 )
Example 20. Compute | 3 —1 2| by cofactor expansion.
2 0 1

Solution. We expand by the first row:

3 -1 2|=1- -1 2|—2-]3 2|4+0-[3 -1
2 0 1 0 1 2 1 2 0

ie. —1 2 3 2 3 1| _ 1./ 1\ _o.(_ _
SR I EE R R e e B Ce VR RV

Each term in the cofactor expansion is +1 times an entry times a smaller determinant (row and
column of entry deleted).

+ o= -|
The +1 is assigned to each entry according to [ N T

Solution. We expand by the second column:

1 0 1 0 1 0
3 2|=—2-|3 2|+ (-1)- —0-|3 M 2
2 1 2 1 2 1
= —2.(=1)+(-1)-1-0=1
Armin Straub 9
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Example 21. Compute

N O O
[Nl Vi)
0N = W
UL = O

Solution. We can expand by the second column:
1 0 3
-0

+2 +0

N OO
0 N =
Ut = Ot
N O =
0 N W
[SLINTN
N O =
0 = W
[S10NG RSN
[eNeRS
N = W
AN

4
5
°l=-0
5

021
00 2
2 0 8

[Of course, you don't have to spell out the 3 X 3 matrices that get multiplied with 0.]
We can compute the remaining 3 X 3 matrix in any way we prefer. One option is to expand by the first column:

3 4
1

2 2
8 5

:2(+1‘§ ;’+2‘§ ﬂ):2(1-2+2-(—5)):—16

1
0
2

Comment. For cofactor expansion, choosing to expand by the second column is the best choice because this
column has more zeros than any other column or row.

‘ The determinant of a triangular matrix is the product of the diagonal entries.

Why? Can you explain this (you can use the next example) using cofactor expansion?

10 3 -1
03 1 5
Example 22. Compute 00 2 1
00 O 5
10 3 -1
Solution. Since the matrix is (upper) triangular, 3 712 ? =1-3-(-2)-5=-30.
5

Review.
e Effect of row (or column) operations on determinant.
o det(AB)=det(A)det(B)

e In particular, the LU decomposition provides us with a way to compute determinants:

If A=LU, then det(A)=det(L)det(U) and the latter determinants are just products of
diagonal entries (because both L and U are triangular).
Comment. Unless a row swap is required, we can compute the LU decomposition of A = LU using
only row operations of the form R; + cR; = R; (those don't change the determinant!).
In that case, the matrix L will have 1's on the diagonal. In particular, det(L) =1.
Consequently, in that case, det(A) =det(U).

Practical comment. For larger matrices, cofactor expansion is a terribly inefficient way of computing
determinants. Instead, Gaussian elimination (i.e. LU decomposition) is much more efficient.

On the other hand, cofactor expansion is a good choice when working by hand with small matrices.
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Notes for Lecture 6 Mon, 1/26/2026

: I - AT _[1 23
Example 23. (review) If A=| 2 5 |, then its transpose is A —[4 s G ]
36

Recall that (A B)T = BTAT . This reflects the fact that, in the column-centric versus the row-centric interpre-
tation of matrix multiplication, the order of the matrices is reversed.

Comment. When working with complex numbers, the fundamental role is not played by the transpose but by
the conjugate transpose instead (we'll see that in our discussion of orthogonality): A* = AT

: o4 _[1-3i 56 x_[ 1435 2—4
For instance, if Af{ 9ti 3 },thenA =| 5

Orthogonality

‘ The inner product and distances

Definition 24. The inner product (or dot product) of v, w in R™

v-w = va:v1w1 + . VW,

Because we can think of this as a special case of the matrix product, it satisfies the basic rules like associativity

and distributivity.

In addition: v-w=w - v.

1 2
Example 25. [2][ 1}:2—2%—12:12
3 4

Definition 26.

e The norm (or length) of a vector v in R" is

|v]| = Vv-v=+vvi+.. +02.

e The distance between points v and w in R" is

dist(v,w) = [Jv—w].

Example 27. For instance, in R?, distq o H 2 ]):H{ L1 L ]H = \/(xl —22)2 4 (y1 — y2)2.

1 Y2 Y1 — Y2
Example 28. Write |[v — w||? as a dot product, and multiply it out.
Solution. ||[v —w|?’=(v—w) - (v-—w)=v-v—v-w—-—w-v+w w=|v|]?—2v w+ |w]|?

Comment. This is a vector version of (z — y)? =22 — 2xy + y°.

The reason we were careful and first wrote —v - w — w - v before simplifying it to —2v - w is that we should not
take rules such as v - w =w - v for granted. For instance, for the cross product v X w, that you may have seen
in Calculus, we have v X w# w X v (instead, v X W =—w X v).
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| Orthogonal vectors

Definition 29. v and w in R" are orthogonal if

v-w=0.

Why? How is this related to our understanding of right angles?
Pythagoras!
v and w are orthogonal
= |vlI>+lwl?= v —w]|?

=[v]?—2v-w+||w]?
(by previous example)

<~ 2v-w=0
< v -w=0

Definition 30. We say that two subspaces V' and W of R are orthogonal if and only if every
vector in V' is orthogonal to every vector in .

The orthogonal complement of V is the space V' of all vectors that are orthogonal to V.

Exercise. Show that the orthogonal complement is indeed a vector space. Alternatively, this follows from our
discussion in the next example which leads to Theorem 32. Namely, every space V' can be written as V' = col(A)
for a suitable matrix A (for instance, we can choose the columns of A to be basis vectors of V). It then follows
that V1 = null(A7) (which is clearly a space).

1 3
Example 31. Determine a basis for the orthogonal complement of V' =span [ 2 },[ 1 }
1 2

xTq 1 3
Solution. The orthogonal complement V- consists of all vectors { x5 } that are orthogonal to { 2 } and { 1 }
T3 1 2

1 x 3 x
Using the dot product, this means we must have { 2 } . { z; } =0 as well as [ 1 } [ z; }: 0.
1 2

Note that this is equivalent to the equations 1z + 2z2 + 1x3=0 and 3x1 + lxg + 223 =0.

T3 T3

8
W

1
In matrix-vector form, these two equations combine to [ ;’ f ; M x } :{ 8 }
3

T
This is the same as saying that { T

Zs3

, 121 ; 1 121
} has to be in null({ 31 o D This means that V' fnull({ 31 9 D

[Note that we have done no computations up to this point! Instead, we have derived Theorem 32 below.]

We compute (fill in the work!) that VL:null({ :15 i ; D M 11([ (1] (1) i’;g D :span{{ :?;g ]}
1

-3/5
Check. [ —1/5 ] is indeed orthogonal to both { and { }
1

3

1 xT1 1 xq 3 xq
Indeed,vectorsinVareoftheform'v:a[2}—&—b[ }andwehavev { :|:a|:2:|'|:m2:|+b|:1:|'|:m2:|:0.
1 2

x1 1
Note. If { T ] is orthogonal to both basis vectors { 2 } and [ }, then it is orthogonal to every vector in V.
T 1
3
1
1 2

T3 T3 T3

=0 =0
Just to make sure. Why is it geometrically clear that the orthogonal complement of V' is 1-dimensional?
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The following theorem follows by the same reasoning that we used in the previous example.

. _ L3 1 121
In that example, we started with V =col| | 2 1 and found that V- =null [ 31 9 } .
12

Theorem 32. If V =col(A), then V1 =null(AT).
In particular, if V is a subspace of R™ with dim(V) =7, then dim(V+)=n —r.

For short. col(A)+ =null(AT)
Note that the second part can be written as dim(V) + dim(V ) =n.

To see that this is true, suppose we choose the columns of A to be a basis of V. If V is a subspace of R" with
dim(V) =r, then A is a 7 x n matrix with 7 pivot columns. Correspondingly, A7 is a n x 7 matrix with r pivot
rows. Since n > there are n — r free variables when computing a basis for null(A7). Hence, dim(V+)=n —r.

Example 33. Suppose that V is spanned by 3 linearly independent vectors in IR°. Determine the
dimension of V' and its orthogonal complement V.

Solution. This means that dim V' = 3. By Theorem 32, we have dim vi=5-3=2.

1
Example 34. Determine a basis for the orthogonal complement of (the span of) [ 2 }
1

1
Solution. Here, V = span{{ 2 ]} and we are looking for the orthogonal complement V-
1

Since V/ —C01<|: 2 }), it follows from Theorem 32 that V- =null([1 2 1]).
1
Computing a basis for null([ 1 2 1]) is easy since [1 2 1] is already in RREF.

—2s —t -2 -1
Note that the general solutionto[1 2 1]z =0 is { s }:s{ 1 ]th{ 0 }
t 0 1

—2 -1
A basis for V- =null([1 2 1]) therefore is [ 1 },{ 0 ]
0

1
Check. We easily check (do it!) that both of these are indeed orthogonal to the original vector [ 2 }
1
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Notes for Lecture 7 Wed, 1/28/2026

The fundamental theorem

Review. The four fundamental subspaces associated with a matrix A are
col(A), row(A), null(A), null(A4T).

Note that row(A) = col(AT). (In particular, we usually write vectors in row(A) as column vectors.)
Comment. null(A”) is called the left null space of A.

Why that name? Recall that, by definition « is in null(A) <= Ax =0.

Likewise, @ is in null(AT) <= ATz =0 <= zTA=0.

[Recall that (A B)T = BTAT. In particular, (ATz)”T = a7 A, which is what we used in the last equivalence.]

Review. The rank of a matrix is the number of pivots in its RREF.

Equivalently, as showcased in the next result, the rank is the dimension of either the column or the row space.

Theorem 35. (Fundamental Theorem of Linear Algebra, Part 1)

Let A be an m x n matrix of rank r.
e dimcol(A)=r (subspace of R™)
e dimrow(A)=r (subspace of R") row(A) = col(AT)
e dimnull(A)=n—1r (subspace of R")

e dimnull(AT)=m —r (subspace of R™)

12
Example 36. Let A:[ 2 4 ] Determine bases for all four fundamental subspaces.
36

Solution. Make sure that, for such a simple matrix, you can see all of these that at a glance!
1 -2 -3
col(A)=spani | 2 |p, row(A) =spanq| ! |}, null(A) =spani| =2 |}, null(AT) =span 1 |,| o
: {20 1] K

Important observation. The basis vectors for row(A) and null(A) are orthogonal! [ 712 } : [ ; } =0

1 -2 1 -3
The same is true for the basis vectors for col(A) and null(A”): { 2 ] : { 1 } =0 and { 2 ] . { 0 ] =0

3 0 3 1
Always. Vectors in null(A) are orthogonal to vectors in row(A). In short, null(A) is orthogonal to row(A).
Why? Suppose that @ is in null(A). That is, Az =0. But think about what Aa =0 means (row-product rule).

It means that the inner product of every row with @ is zero. Which implies that « is orthogonal to the row space.

Theorem 37. (Fundamental Theorem of Linear Algebra, Part I1)

e null(A) is orthogonal to row(A). (both subspaces of R™)

Note that dimnull(A) 4+ dimrow(A) =n. Hence, the two spaces are orthogonal complements.

e null(AT) is orthogonal to col(A).

Again, the two spaces are orthogonal complements. (This is just the first part with A replaced by AT.)

Armin Straub 14
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1214
Example 38. Let A:[ 240 2 } Check that null(A) and row(A) are orthogonal complements.
3603

Solution.
R>—2R1=R
L2 1a]p2i=mrle 1 4] e, 12 1 4
240 2 ~ 00 —2 —6 ~ 00 —2 —6
3603 00 -3 -9 00 0 O
g [12147 12001
~ 0013 0013
0000 0000
|'—2' |'—1'| 1 0'|
Hence, null(A) = span { (1) ,{_%J , row(A) =span {(Q)J,{?J
o || 1 1 3

null(A) and row(A) are indeed orthogonal, as certified by:
—2 1] -2 0 -1 1 -1 0
L [ (SR (3108
0 0 ’ 0 1 ’ -3 0 ’ -3 1 '
T L T e e
In fact, null(A) and row(A) are orthogonal complements because the dimensions add up to 2+ 2 =4.

In particular, { _éQ }{ :(1): },{ % },{ g } form a basis of all of R%.

Example 39. (extra) Determine bases for all four fundamental subspaces of

A—

W N =
Y =N
OO =

3
1
1

Verify all parts of the Fundamental Theorem, especially that null(A) and row(A) (as well as
null(AT) and col(A)) are orthogonal complements.

Partial solution. One can almost see that rank(A) = 3. Hence, the dimensions of the fundamental subspaces
are ...

Armin Straub 15
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Notes for Lecture 8

Fri, 1/30/2026

\ Consistency of a system of equations

1 2 1 2
Example 40. (warmup) | 3 1 -[“ }:xl 3 | +xo 1
05 2 0 5
. r1 + 2220 =1 1 2 1
Nfote th:t this means that the system 321 + a3 = 1 can also be written as | 3 1 [ il } |1
of equations 5y = 1 05 2 1
[This was the motivation for introducing matrix-vector multiplication.]
In the same way, any system can be written as Ax = b, where A is a matrix and b a vector.
In particular, this makes it obvious that:
Ax =b is consistent <= b is in col(A)
Recall that, by the FTLA, col(A) and null(AT) are orthogonal complements.
Theorem 41. Az =b is consistent <= b is orthogonal to null( A7)
. . . FTLA . .
Proof. Az =0 is consistent <= bisin col(A) <= b is orthogonal to null(A*)
Note. b is orthogonal to null(A”) means that y”b =0 whenever y7A =0. Why?!
1 2 . .
Example 42. Let A=| 3 1 |. For which b does Ax = b have a solution?
0 5
Solution. (old)
{1 2 bl}R‘SRQR{l 2 by ]R*R‘ R‘[1 2 by
3 1|by |TEET 0 5| —3by by | PTET 0 -5 —3by+ b
0 5|bs 0 5 bs 0 0 |—3bi+by+bs
So, Ax = b is consistent if and only if —3b1 + bs + b3 =0.
Solution. (new) We determine a basis for null(AT):
1 30 |R:—2R1i=R| 1 3 O —%Rj\%iRz 13 0 R1—3§;:>R1 10 3
215 0 -5 5 01 —1 01 —1
-3
We read off from the RREF that null(A”) has basis | 1 |.
1
b has to be orthogonal to null(AT). That is, b'[ q }:O. As above!
1
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Comment. Below is how we can use Sage to (try and) solve Ax=b for b= {

>>> A = matrix([[1,2],[3,1],[0,51]1)

>>> A.solve_right(vector([1,1,2]))

1 2
55
>>> A.solve_right(vector([1,1,1]))
ValueError: matrix equation has no solutions

During handling of the above exception, another exception occurred:

ValueError: matrix equation has no solutions

Armin Straub
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1 1
}and b—{

1
1

}.
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Notes for Lecture 9 Mon, 2/2/2026

Least squares

Example 43. Not all linear systems have solutions.

In fact, for many applications, data needs to be fitted and there is no hope
for a perfect match.

For instance, Ax = b with

1 2 1
31 [z=| 1
05 1

has no solution:

1 1 -3
° { 1 } is not in col(A) since { 1 } { 1 }5&0 (see previous example).
1 1 1

b

e Instead of giving up, we want the & which makes Ax and b as close as possible.

e Such z is characterized by the error Ax — b being orthogonal to col(A)
(i.e. all possible Ax).

Definition 44. x is a least squares solution of the system Ax =b if & is such that Az —b is
as small as possible (i.e. minimal norm).

e If Ax=>b is consistent, then & is just an ordinary solution. (in that case, A& — b=0)

e Interesting case: Ax = b is inconsistent. (in particular, if the system is overdetermined)

| The normal equations

The following result provides a straightforward recipe (thanks to the FTLA) to find least squares
solutions for all systems Ax =b.

Theorem 45. « is a least squares solution of Ax =b
<= ATAz = A0 (the normal equations)

Proof.
@ is a least squares solution of Az =>
<= A% — b is as small as possible

<= A& — b is orthogonal to col(A)
FTLA

<= Az —bisin null(AT)

< AT(A% -b)=0

— ATAz = AT O

Armin Straub 18
straub@southalabama.edu




Example 46. Find the least squares solution to Ax = b, where

1 1 2
A= —1 1], b=|1
0 O 1

Solution. Fist, ATA—[ 1 7 g}[fl i}:[g 0 and aTp=[ 1 ! g}mzm.
0O O 1

Hence, the normal equations ATA% = ATb take the form [ 3 (2) }:i: :[ ; }

Solving, we immediately find & :{ ;;3 }

2 0
Check. Since Az :[ 1 }, the error is Az — b :{ 0 ] Recall that the error must be orthogonal to col(A)!
0 -1

0 1 0 1
This error is indeed orthogonal to col(A) because [ 0 } [ -1 }— 0 and { 0 } [ 1 }—O.

-1 0 -1 0
Comment. Why are the normal equations so particularly simple (compare with example below for the typical
case) here? Note how each entry of the product ATA is computed as the dot product of two columns of A

(matrix products of a row of A7 times a column of A). That ATA is a diagonal matrix reflects the fact that
the two columns of A are orthogonal to each other.

Example 47. Find the least squares solution to Ax = b, where

1 2 1
A= 31|, b=|1
05 1
Solution. First, ATA=| 1 30 :13? =| 10 5 |and ATp=| L 30
' ! 1215 05_530 1215
4
8

Hence, the normal equations ATA% = ATb take the form [ 05 }:f: :{ }
d

-1
: 10 5 _ 13 —-5]_1[ 6 -1 a1 6 —11][4]_ 116
Smce[ 5 30} _275[75 10 }_55[71 2 }’Wef'n w_55[71 2 }{8}_55[12}'

. . 1| 40 . 1| —15 1] —3
Check. Since Ax =—| 60 |, theerror A& —b=—| 5 |=77| 1 | must be orthogonal to col(A).
60 5

1 -3 2 -3
The error is indeed orthogonal to col(A) because [ 3 ] i{ 1 ]:O and { 1 ] %{ 1 }:O.
0 5 1
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Any serious linear algebra problems are done by a machine. Let us see how to use the open-source
computer algebra system Sage to do basic computations for us.

Sage is freely available at sagemath.org. Instead of installing it locally (it's huge!) we can conveniently use it
in the cloud at cocalc.com from any browser. For short computations, like the one below, you can also just use
the input field on our course website.

Sage is built as a Python library, so any Python code is valid. Here, we will just use it as a fancy calculator.
Let's revisit Example 38 and let Sage do the work for us:
>>> A = matrix([[1,2,1,4],[2,4,0,2],[3,6,0,3]11)

>>> A.rref ()

S O
S O N
o = O
S W

Similarly, if we wanted to compute a basis for null(AT), we can simply do:

>>> A.transpose().rref ()

oo o =
oo =~ ©
o oNlwo

Here are some other standard things we might be interested in (compare with Example 17):
>>> A = matrix([[4,0,2],[2,2,2],[1,0,3]])
>>> A.eigenvalues()
[5,2, 2]

>>> A.eigenvectors_right ()

[(5,[(1, 1, ;)},1)(2, (1,0, —1),(0, 1, 0)],2)

>>> A.eigenmatrix_right()
e

10
1 01
1
L
{2 OJ

o O Ut
o N O
N OO

>>> A.rank()
3

>>> A.determinant ()
20

>>> A.inverse()

3 1

0 Y73

R

100 3
Armin Straub 20
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sagemath.org
cocalc.com

| Application: least squares lines

Given data points (x;, y;), we wish to find optimal parameters a, b such that y; ~a + bz; for all 4.

Example 48. Determine the line that “best fits” the data points (2, 1), (5,2),(7,3), (8, 3).
Comment. Can you see that there is no line fitting the data perfectly? (Check out the last two points!)

Solution. We need to determine the values a, b for the best-fitting line y=a + bx.
If there was a line that fit the data perfectly, then:

a+2b=1  (2,1)
a+5b=2 (5,2)
a+7b=3 (7,3)
a+8b=3 (8,3)
In matrix form, this is: 1 i; ] [ e }: { g; ] (writing the points as (x4, y;))
Ll L
1 x4 Ya
design matrix X observation

vector y

1 2]
Using our points, these equations become [ 1 ? J
1

1
[ ‘Z }_[ 3 J [This system is inconsistent (as expected).]
3

We compute a least squares solution.

1111{15-| 4 22 1111(;—| 9
XTX:[2578”1 7J:{22 142}’ XTy:[2578][3J:[57}
1 8 3
Solving the normal equations [ 242 12422 H Z } :{ 597 ] we find [ Z } :{ 52/174 }

. 2 5
Hence, the least squares line is y = = + i

The plot above shows our points together with this line. It does look like a very good fit!

Important comment. In what sense is this the line of “best fit"? By computing a least squares solution the way
we do, we are minimizing the error y — X{ Z } The components of that error are y; — (a + bx;).

Hence, we see that we are minimizing the residual sum of squares SS;es =3, [y — (a + bx;)]>.

Also see the discussion after the next example (where we swap the role of = and y) as well as the example at
the beginning of next class (where we discuss making predictions and why minimizing SS,.s corresponds to
minimizing the error of those predictions).
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Notes for Lecture 10 Wed, 2/4/2026

Example 49. (again) Determine the least squares line for the points (2,1), (5,2), (7,3), (8, 3).

Solution. Let’s repeat the computation we did in the previous example. This time, we let Sage do the actual
work for us:

>>> X = matrix([[1,2],[1,5],[1,7],[1,8]1]1); y = vector([1,2,3,3])

>>> (X.transpose()*X) .solve_right (X.transpose () *y)

2 5
7' 14

Here are some intermediate steps to help see what's going on (and that it matches our earlier work):
>>> X.transpose () *X
4 22

22 142

>>> X.transpose () *y
(9, 57)

Let's plot the least squares line y = % + %x in Sage to marvel at the good fit!
>>> points = [[2,1],[5,2],([7,3],[8,3]]

>>> scatter_plot(points)

3 o o

25F

>>> scatter_plot(points) + plot(2/7+5/14*x,1,9)

35}

250
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Comment. As mentioned earlier, the least squares line minimizes the (sum of squares of the) vertical offsets:

http://mathworld.wolfram.com/LeastSquaresFitting.html

Comment. We get a (slightly) different “best fit" line if we change the role of = and y! Can you explain that?

>>> X = matrix([[1,1],[1,2]1,[1,3],[1,3]1]1); y = vector([2,5,7,8])

>>> (X.transpose()*X) .solve_right (X.transpose()*y)

_ 730
1 11
0 7 11

7,30 . . 7 11
Note that x = —7t 7Y is equivalent to y = 30 T 307

>>> scatter_plot([[2,1],(5,2]1,[7,3],[8,3]]1) + plot(2/7+5/14%x,1,9) + plot(7/30+11/30*x,1,
9,color=’red’)

35

1 2 3 4 5 6 7 8 9

The explanation is that (see pictures at the beginning of this example) we are minimizing vertical offsets in one
case and horizontal offsets in the other case.

In linear regression, the relationship between a dependent variable and one or more explanatory variables is
modeled. If y is the dependent variable, with x the explanatory variable, then it is natural to minimize the error
we make in “predicting y through "’ (vertical offsets). See next example.

Example 50. A car rental company wants to predict the annual maintenance cost y (in
100USD /year) of a car using the age x (in years) of that car (as an explanatory variable). Based
on the observations (z, y) = (2, 1), (5, 2), (7, 3), (8, 3), predict the cost for a 4.5 year
old car (using linear regression).

Solution. Once we compute the regression line y = a + bx (we already did that: y = % + %x), our prediction
is 2+ 4.5=22 ~ 1.89, that is, 189 USD/year.
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\ Application: multiple linear regression

In statistics, linear regression is an approach for modeling the relationship between
a scalar dependent variable and one or more explanatory variables.

The case of one explanatory variable is called simple linear regression.

For more than one explanatory variable, the process is called multiple linear regres-
sion.

http://en.wikipedia.org/wiki/Linear_regression

The experimental data might be of the form (z;, v;, z;), where now the dependent variable z;
depends on two explanatory variables x;, y; (instead of just z;).

Example 51. Set up a linear system to find values for the parameters a, b, ¢ such that z =
a+ bx + cy best fits some given points (x1, y1, 21), (22, Y2, 22), ...

Solution. The equations a + bx; + cy; = z; translate into the system:
{ 1z y -I { z1 -I

1 z2 y2 _ | %2

PR
design matrix A observation
vectorz

QO o

Of course, this is usually inconsistent. To find the best possible a, b, c we compute a least squares solution by

a
solving ATA{ b ] =ATz.

c

‘ Application: Fitting data to other curves

We can also fit the experimental data (x;, y;) using other curves.

Example 52. Set up a linear system to find values for the parameters a, b, ¢ that result in the
quadratic curve y =a + bx + cx? that best fits some given points (71, y1), (22, ¥2), ...

Solution. y; ~a+ bxz; + cx? with parameters a, b, c.

The equations vy; = a + bx; + cz? in matrix form:

RN [ v ]

a
Loag a3 ||, |2 | v2
2
Loy af || ] |
design matrix A observation
vector y

Again, we determine values for a, b, c by computing a least squares solution to that system.

a
That is, we need to solve the system ATA{ b } = ATy.

(&
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Example 53. (homework) Use Sage to find values for a, b, ¢ that result in the quadratic curve

y=a+ bz + cx? that best fits the points (0, 1), (1,2),(2,3), (3, —4), (4, —=7), (5, —12).

Solution. We first input the points:

>>> points = [[0,1],[1,2],[2,3],[3,-41,[4,-71,[5,-12]]
We set up the system described in the previous example, then determine a least-squares solution.
>>> X = matrix([[1,0,01,([1,1,1],[1,2,4]1,[1,3,9],[1,4,16],[1,5,2511)

vector([1,2,3,-4,-7,-12])

>>>y

>>> (X.transpose()*X) .solve_right (X.transpose () *y)

3 179 23
27 140° 28
179 ﬁ

Hence, the best fitting quadratic curve is y :%Jr Ti0 28ac2. Here's a plot:

>>> scatter_plot(points) + plot(3/2+179/140%*x-23/28%x~2,0,5,color="red’)

Advanced comment. If you are comfortable with Python, you can avoid typing out X and y:
[The plot command above now won't work anymore because we are overwriting = with numbers.]

>>> X = matrix([[1,x,x~2] for x,y in points])

>>> y = vector([y for x,y in points])

Armin Straub
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Notes for Lecture 11 Fri, 2/6/2026

More on orthogonality

Example 54. (review) Find the least squares solution to Az = b, where

40 2
A=lo0 2|, b=| 0 [
11 11
2

Solution. First, ATA:{g g 1}{3 g} {117 é}and ATb:[g g }M 0 }_[i)}
11 11

9

1

Hence, the normal equations ATA% = ATb take the form [ 117 é }:ﬁ:{ } } Solving, we find & [ ; }
)

|-o

2
Check. The error Az — b—{ 4 ] is indeed orthogonal to col(A). Because [ ; } [ ]_0 and [ } [
-8

M)

‘ Orthogonal projections

The (orthogonal) projection b of a vector b onto a subspace W is the vector in W closest to b.

We can compute b as follows:

e Write W =col(A) for some matrix A.

e Then b= A& where & is a least squares solution to Az =b. (i.e. @ solves ATAz = ATb)

Why? Why is A& the projection of b onto col(A)?

Because, if @ is a least squares solution then A& — b is as small as possible (and any element in col(A) is of
the form Az for some x).

Note. This is a recipe for computing any orthogonal projection! That's because every subspace W can be written
as col(A) for some choice of the matrix A (take, for instance, A so that its columns are a basis for ).

Assuming AT A is invertible (which, as discussed in the lemma below, is automatically the case if
the columns of A are independent), we have & = (ATA)~1A”b and hence:

(prOjeCtion matriX) The prOjeCtion 6 of b onto COI(A) is (assuming cols of A are independent)

b= A(ATA)~1ATp.
P

The matrix P = A(ATA)~'AT is the projection matrix for projecting onto col(A).

Example 55.

2 47To
(a) What is the orthogonal projection of [ 0 } onto W =span [ 0 },[ 2 } ?
11 1 1

4 0
(b) What is the matrix P for projecting onto W = span [ 0 ],[ 2 } ?

2
(c) (once more) Using P, what is the orthogonal projection of [ 0 } onto W7
11
1
(d) Using P, what is the orthogonal projection of l 0 1 onto W7
0
Armin Straub 26
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Solution.

2
(a) In other words, what is the orthogonal projection of b—{ 0 } onto col(A) with A—[
11

= O
=N O
—_

In Example 54, we found that the system Ax = b has the least squares solution @ :{

[E—

1

5 |
N 4 0 1 4 0 4

The projection b of b onto col(A) thusis A&z =| 0 2 [ 5 }: o|+22]|=|4]

11 1 1 3

. 2
Check. The errorbb:[ 4 ]needs to be orthogonal to col(A). Indeed:{ i }[ﬁ
-8
5 84
20 -2 4
5 —1“401}:i o 17 8
]{ -1 17 |0 21 21| 0 .

o 2 ] 2 120 —2 47 2 1 [ 84 4
(c) The orthogonal projection of | 0 | onto Wis P| 0 |=57| -2 17 8 || 0 |=57| 84 |=| 4 |.
11 11 4 8 5]l 11 63 3

4 0
(b) Note that W =col(A) for A:{ 0 2 ] and that ATA:{ 117 ! } Thus (ATA)flzi{ 5 ! }
11

4
P=A(ATA)—1AT = 8%[ 0
1

=N O

Note. Of course, that agrees with what our computations in the first part. Note that computing P is
more work than what we did in in the first part. However, after having computed P once, we can easily

project many vectors onto W.
20 —2 4 1] 20
-2 17 8 = -2 |.
4 8 5 21 4

1 1| 20 R 4 0
Check. Theerror | 0 |—=| —2 |=—=-| 2 |Iis indeed orthogonal to both | 0 | and | 2 |.
0 2y —4 1

1 1
(d) The orthogonal projection of [ 0 } onto W is P{ 0 ]—%
0 0

Example 56. (extra)

[\V]
@]

(1] (1] 1
(a) What is the orthogonal projection of onto span ,[ 1 ] ?

(b) What is the orthogonal projection of | 2 | onto spang | o | p?
2 1
. . _— 11 1 7\T 3 3\T
Solution. (final answer only) The projections are (?, T E) and (5, 0, 5)
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Notes for Lecture 12 Mon, 2/9/2026

Example 57. (extra)

1 1
(a) What is the matrix P for projecting onto W = span [ 1 ],[ —1 } ?
1

2 1 1
(b) Using the projection matrix, project [ 3 ] onto W =span [ 1 ],[ —1 ]
3 1

Solution.

11 11 1
(a) Choosing A=| 1 —1 |, the projection matrix P is A(ATA)=1AT =| 1 —1 [ 31 } [ bl ]
11 11 L3

:{} _11]1[ 3 —1“1 1 1}:1{} _11]{2 4 2}:1{3 g (1)}

L1 |Bl-1 3 1 -1 1 8| 1 1 2 —4 2 2l 1 o 1

Comment. We can choose A in any way such that its columns are a basis for . The final projection
matrix will always be the same.

101 5
(b) The projection is ;[ 020 M ]:;{ 6 }
101 5

2
3
3
—1/2
= 0 is indeed orthogonal to W.

Lemma 58. If the columns of a matrix A are independent, then A”A is invertible.

Proof. Assume ATA is not invertible, so that AT Az = 0 for some = # 0. Multiply both sides with 27" to get
2TATAz = (Az)TAz = | Az ||?> =0,

which implies that Az =0. Since the columns of A are independent, this shows that & =0. A contradiction! U

Example 59. If P is a projection matrix, then what is P??

) ) , 1101 2 Jro1
For instance. For P as in Example 57, P =7/020| =35{020 =P.
101 101

Solution. Can you see why it is always true that P2 = P?
[Recall that P projects a vector onto a space W (actually, W = col(P)). Hence P? takes a vector b, projects

it onto W to get b, and then projects b onto W again. But the projection of b onto W is just b (why?!), so
that P2 always has the exact same effect as P. Therefore, PZ2= Pl

Example 60. True or false? If P is the matrix for projecting onto W, then W = col(P).

Solution. True!

Why? The columns of P are the projections of the standard basis vectors and hence in WW. On the other hand,
for any vector w in W, we have Pw = w so that w is a combination of the columns of P.

[This may take several readings to digest but do read (or ask) until it makes sense!]

In particular. rank(P)=dim W (because, for any matrix, rank(A) = dim col(A))
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Review. The projection matrix for projecting onto col(A) is P = A(ATA)~tAT.

‘ Projecting onto 1-dimensional spaces

When we project onto a 1-dimensional space span{w }, we usually just say that we are projecting
onto w.

The (orthogonal) projection of v onto w is

w2

Why? Replace b with v and A with w in our general projection matrix formula to get w(w”w) ~'wTv, which

w-v
equals W'w (note that wv =w - v and w™w = ||w||? are scalars).
w
Comment. If you have taken Calculus 3, you have seen that formula before. Most likely, you were deriving it
using angles at that time. Namely, the dot product has the following connection to angles:

v-w=||v| ||w] cosh where 6 € [0, 7] is the angle between v and w

Why? You can derive this by repeating what we did, right after Definition 29 to show that v and w are orthogonal
if and only if v-w = 0. Just replace Pythagoras with the law of cosines (02 = a2+ b2 — 2ab cosh holds in any
triangle!).

Two obvious cases. Observe that the cases # =0 and 8 =90° are clearly true.

We will not discuss angles much further in this class. Just in case it is helpful, here is the typical
argument given in Calculus 3 to determine the projection proj., v of v onto w:

From the sketch, we see that “error” = v — proj, v
and that this error is orthogonal to w.

Basic trigonometry tells us that the length of proj., v “error”

is ||v|| cosf. Hence:

projw,v = ||v|| cosd W
—— ]|
length —
direction
_ lvllflw]lcost w _ (”'w>
[[w]| [[w]] [w]]?

| Orthogonal bases

Review. Vectors v, ..., v,, are a basis for V.
<= V =span{vy,...,v,} and vy, ..., v, are linearly independent.
<= Any vector w in V' can be written as w = c vy + ... + ¢, vV, in a unique way.

The latter is the practical reason why we care so much about bases!

V' could be some abstract vector space (of polynomials or Fourier series), meaning that vectors are abstract
objects and not just our usual column vectors. However, as soon as we pick a basis of V/, then we can represent
every (abstract) vector w by the (usual) column vector (c1,ca,...,cn)?.

This means all of our results can be used, too, when working with these abstract spaces!

Definition 61. A basis v, ..., v,, of a vector space V is an orthogonal basis if the vectors
are (pairwise) orthogonal. If, in addition, the basis vectors have length 1, then this is called an
orthonormal basis.
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1 0 0
Example 62. The standard basis [ 0 },[ 1 }, [ 0 } is an orthonormal basis for R?.
0 0 1
0
} { 0 }:o.
1

On the other hand, the vectors do not all have length 1, so that this basis is not orthonormal.

1
Example 63. Are the vectors [ —1 ],[
0

{2 Mg

So, this is an orthogonal basis.

1 0
1 ], 0 ] an orthogonal basis for R3? Is it orthonormal?
0 1
1
0,1 |-
0

1
Solution. { -1
0

Note. Orthogonal vectors are always linearly independent (see next class). Here, this certifies that the three
vectors are linearly independent (and hence a basis for IR3).

Normalize the vectors to produce an orthonormal basis.

Solution.

1 1 1 1
—1 | has length —1 || =1 |=+/2 = normalized: T
0 0 0 V2| o

[1 1 1 1
1 } has length [ 1 }[ 1 }:ﬁ —> normalized: 1{ 1 }
L O 0 0 V2| o
[0 0 0 0
0 | has length 0|1 0 |=1 = is already normalized: | o
L1 1 1 1

1 1 0
The resulting orthonormal basis is \;5{ :)1 }, \}5[ ! },[ (1) ]

Theorem 64. Suppose that vy, ..., v,, are nonzero and pairwise orthogonal. Then v, ..., v,, are
linearly independent.

Proof. Suppose that c;v; + ... + ¢,v,, = 0. In order to show that v, ..., v,, are independent, we need to show
that ¢y =co=...=¢, =0.
Take the dot product of v, with both sides:

0 = vy (01’01 + ... +cn'un)

C1V1 V1 + V1 V2 + ... +CpU1 - Uy,

= C1V1 V1 201||’01||2

But ||v1|| # 0 and hence ¢; =0. Likewise, we find c2=0, ..., ¢, =0. Hence, the vectors are independent. [

Comment. Note that this result is intuitively obvious: if the vectors were linearly dependent, then one of
them could be written as a linear combination of the others. However, all these other vectors (and hence any
combination of them) are orthogonal to it.

Armin Straub 30
straub@southalabama.edu



\ Orthogonal projections if we have an orthogonal basis

Lemma 65. (orthogonal projection if we have an orthogonal basis)

If vy,...,v, are orthogonal, then the orthogonal projection of w onto span{wvy, ..., v,} is

R w - V1 w - Un
w=——v1+ ...+ —v,.
V101 Up - Up
e — e —
proj of w proj of w
onto vq onto v,

Proof. It suffices to show that the error w — w is orthogonal to each v;. Indeed:

R w - vy w - vy, w - v;
(w—w) vi=lw——vV]— .. ——— U, | V=W V; —
V1V VUnp " Un V- Vg

’UZ”’UiIO.

Alternatively, can you deduce the formula (say, in the case of an orthonormal basis) from our earlier formula for
the projection matrix? O

Important consequence. If vy, ..., v, is an orthogonal basis of V', and w is in V, then

. w - ’Uj
w=civ]+... +cpvn with ¢j=—=.
’Uj . ’Uj
If the vy, ..., v, are a basis, but not orthogonal, then we have to solve a system of equations to find the ¢;. That

is a lot more work than simply computing a few dot products.

Note. In other words, w decomposes as the sum of its projections onto each basis vector.

Note. If vy, ..., v, are orthonormal, then the denominators are all 1.
. - . 3 - 1 1
Example 66. What is the projection of | 7 | onto W =span{vy,vo} with vy =| —1 |, vo=| 1 |?
4 0 0

Comment. We know how to do this using least squares. (Do it for practice!)
However, realizing that v and w2 are orthogonal makes things easier.

[Actually, here, it is obvious what the projection is going to be if we realized that W is the x-y-plane.]

Solution. (using orthogonality) Because v; and va are orthogonal, the projection is

[ e 1 [N 1 1 3
S I i Ll lilLo 0 0 0
0 0 0 0
‘ projection onto v, ‘projection onto 'vz‘

1 1
Important note. Note that, at this point, we can easily extend [ -1 ],{ 1 ] to an orthogonal basis of R3:
0 0

3 3 0
That is because the error [ 7 ] — [ 7 } —{ 0 ] is orthogonal to both of the existing basis vectors.
4 0 4

1 1 0
Therefore { -1 },[ 1 },[ 0 } is an orthogonal basis of IR3.
0 0 4

This observation underlies the Gram-Schmidt process, which we will discuss next class.
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3 1 0
Example 67. Express | 7 | in terms of the basis | —1 |,| 1 |,| o
4 0 0 1
€T V1 Vo V3

Solution. Because w1, v9, v3 is an orthogonal basis of R?, we get (much as in the previous example):
, V2, U3 g g p P

3 1 1
7 =cy| —1 [+c2| 1 [+c3
4 0 0

orrlEN® Lo o

3 1 1 3 0
HiR I ER R E H
4 0 0 4 1
=t 7o AT ool L]t tor Tl ©
ol e e ]
0 0 0 1 1
‘ projection of @ onto v, pr‘oje,(ition of @ onto wva pr‘ojectiuu of @ onto ‘vd
1 1 0
—4 1 4
=3 ! +?0 L+t ©
0 0 1

Because we spelled out all the details this looks more involved than it is. We only computed 6 dot products!

. 1 10 c1 3 . c —2
Alternative. We could havesolved | —1 1 0 || ¢, |=| 7 [toalsofind| ¢, |=]| 5 |.
0 01 c3 4 c3 4
The numbers are particularly easy here but in general, to find this solution, we have to go through the entire
process of Gaussian elimination. On the other hand, if we have an orthogonal basis, the former approach requires
less work, because it is just computing a few dot products.

3 1 0 1
Example 68. Express | 7 | in terms of the basis | 1 |,| 1 |,| 0
4 0 1 1

Solution. This is not an orthogonal basis, so we cannot proceed as in the previous example.

3 1 0 1 1 01 c1 3
Towrite[7}:cl[1}—&—02[1}+03[0},weneedtosolve{1 1 OM 02:|:|:7:|.
4 0 1 1 01 1 ]| es 4
3
0

C1
Solving that system (do it!), we find [ es } —{

C3
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Notes for Lecture 13 Wed, 2/11/2026

Review. If vy, ..., v, are orthogonal, the orthogonal projection of w onto span{wvy, ..., v,} is

Example 69.

3 1] [ 2
(a) Project [ 2 } onto I/ =span [ 2 ,[ -1 }
1 1

3 [ 1 2 1
(b) Express [ 2 ] in terms of the basis | 2 ],[ ~1 ],[ 2 ]

1

Solution.

1 2
(a) We note that the vectors { 2 ] [ -1 ] are orthogonal to each other.
e i)

1 2
Comment. If we didn't have an orthogonal basis for W = col([ 2 —1 }) then we would have to solve

Therefore, the projection can be computed as

1 0

1 2 3
the least squares problem [ 2 -1 }n —{ 2 } instead to get the same final result (with more work).
10 1

3 1 2 1
(b) Note that this basis is orthogonal! Therefore, we can compute [ 2 }-%[ 2 ]—i—%{ -1 }—}—%[ 2 }
1 1 0 -5

(We proceed exactly as in the previous part to compute each coefficient as a quotient of dot products.)

‘ Gram-Schmidt

(Gram-Schmidt orthogonalization)

Given a basis w1, wo, ... for W, we produce an orthogonal basis q1, qs, ... for W as follows:

® qi1=wi

jecti f
o qo—wy— (prOJec ion o )

w9 onto qi
. e projection of \ [ projection of
g3 =3 ws onto q; w3 onto qo
[ qs—...

Note. Since g1, go are orthogonal ( projection of ): (projection of) (projection Of).

w3 onto span{qi, g2} ws onto qq w3z onto g2
Important comment. When working numerically on a computer it actually saves time to compute an orthonormal
basis q1, q2, ... by the same approach but always normalizing each g; along the way. The reason this saves time
is that now the projections onto g; only require a single dot product (instead of two). This is called Gram—
Schmidt orthonormalization. When working by hand, it is usually simpler to wait until the end to normalize
(so as to avoid working with square roots).

Note. When normalizing, the orthonormal basis q1, qo, ... is the unique one (up to =+ signs) with the property
that span{qi, g2, ..., qx } = span{w1, wa, ..., wy} forall k=1,2, ...
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1 1
Example 70. Using Gram—Schmidt, find an orthogonal basis for W = span [ 1 ],[ —1 }
1

Solution. We already have the basis w1 —[

=

1
], wo —[ -1 } for WW. However, that basis is not orthogonal.
1

We can construct an orthogonal basis q1, g2 for W as follows:

1
o qi=wi=|1
1

R o — projection of \ 11 1 1 _ 1 24
q2=w2 wyontoqr ) | 3011 3] 4

Note. g2 is the error of the projection of ws onto q;. This guarantees that it is orthogonal to q;.

On the other hand, since g2 is a combination of w2 and qi, we know that g2 actually is in W.

1 1
We have thus found the orthogonal basis { 1 ]7 %[ -2 ] for W (if we like, we can, of course, drop that %)
1

1
1

1
. . 1 1

Important comment. By normalizing, we get an orthonormal basis for W: —| 1 |,—| —2 |.

: y g ve g SHE
Practical comment. When implementing Gram—Schmidt on a computer, it is beneficial (slightly less work)
to normalize each g; during the Gram—Schmidt process. This typically introduces square roots, which is why
normalizing at the end is usually preferable when working by hand.
Comment. There are, of course, many orthogonal bases g1, g2 for W. Up to the length of the vectors, ours is
the unique one with the property that span{qi} =span{w;} and span{qi, g2} = span{w;, wa}.

Example 71. Using Gram—Schmidt, find an orthogonal basis for W =span {

OO wo
_—
—

Solution. We begin with the (not orthogonal) basis w; = , Wo = , w3 =

o O WwOo
[=Ne T V]
= e e

We then construct an orthogonal basis q1, g2, q3:

projection of {
wsy onto q1 )

w projection of ws — e projection of \ [ projection of
93 =3~ onto span{qi, g2} 3 ws onto q w3 onto qo

NEE [ | of2] [6]
! alo | |1
1 0 0 1
Make sure you understand how g3 was designed to be orthogonal to both g and g2!

Also note that breaking up the projection onto span{qi, g2} into the projections onto g; and g2 is only
possible because g1 and g2 are orthogonal.

0 2 0
Hence, { g },{ 8 },{ (1) } is an orthogonal basis of WW.
0 0 1

0
Important. Normalizing, we obtain an orthonormal basis: { (1) J,{
0
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Notes for Lecture 14 Fri, 2/13/2026

‘A matrix () has orthonormal columns <= QTQ =1

Why? Let g1, go, ... be the columns of Q. By the way matrix multiplication works, the entries of Q7Q are dot
products of these columns:
T
[— o —[1 |

{—qQT—Jqlqz--- =

O O =
(== )
oo

Hence, QTQ =1 if and only if qiqu =0 (that is, the columns are orthogonal), for i # j, and qlq; =1 (that is,
the columns are normalized).

1/v3 1/46
Example 72. Q:{ 1/vV/3 —2/6 J obtained from Example 70 satisfies Q7Q = I.
1/V3 1/46

| The QR decomposition

Just like the LU decomposition encodes the steps of Gaussian elimination, the QR decomposition
encodes the steps of Gram—Schmidt.

(QR decomposition) Every m x n matrix A of rank n can be decomposed as A= Q) R, where

e () has orthonormal columns, (m x n)

e R is upper triangular and invertible. (n x n)

How to find Q and R?
e  Gram-Schmidt orthonormalization on (columns of) A, to get (columns of) Q

[ ] R: QTA
Why? If A=QR, then QTA= QTQ R which simplifies to R= QT A (since QTQ =1).

The decomposition A = Q R is unique if we require the diagonal entries of R to be positive (and this is exactly
what happens when applying Gram—Schmidt).

Practical comment. Actually, no extra work is needed for computing R. All of its entries have been computed
during Gram—Schmidt.

Variations. We can also arrange things so that @) is an m X m orthogonal matrix (this means @ is square
and has orthonormal columns) and R a m X n upper triangular matrix. This is a tiny bit more work (and not
required for many applications): we need to complement “our” Q with additional orthonormal columns and add
corresponding zero rows to R. For square matrices this makes no difference.
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11
Example 73. Determine the QR decomposition of A:l 1 -1 }
11

Solution. The first step is Gram—Schmidt orthonormalization on the columns of A. We then use the resulting
orthonormal vectors (they need to be normalized!) as the columns of Q.

i e [1/v3 1/ ]
We already did Gram—Schmidt in Example 70: from that work, we have @ :[ 1/V3 —2/6 J

1/v3 1/48
Hence R:QTA:{U\/g 1/v3 1/\/5}{1 _11}:{\5 1/\/3}
' 1/V6 —2/\6 1/6 0 4/v6 |

11
Comment. The entries of R have actually all been computed during Gram—Schmidt, so that, if we pay attention,
we could immediately write down R (no extra work required). Looking back at Example 70, can you see this?

1/V3 1/V6 11 ]
Check. Indeed, QR:[ 1/V3 2/\/61{ V3 i/ﬂ}—{ 1 —1 | equals A.
L1va a/vs Lo ave T[T
[0 2 1'|
Example 74. Determine the QR decomposition of A= g (1) i J
001

Solution. The first step is Gram—Schmidt orthonormalization on the columns of A. We then use the resulting
orthonormal vectors as the columns of Q.
0]

We already did Gram—Schmidt in Example 71: from that work, we have @Q —{ 1/0 5 J
fon o 0 T921] 31 1] e

Hence, R=QTA=|10 o 0 oo 1 |=102 1
[OOl/ﬁl/ﬁJoo1 [OOﬂJ
Comment. As commented earlier, the entries of R have actually all been computed during Gram—Schmidt,

so that, if we pay attention, we could immediately write down R (no extra work required). Looking back at
Example 71, can you see this?

O OO
O OO+

Letting Sage do the work for us.

Sage] A = matrix(QQbar, [[0,2,1],([3,1,1],[0,0,1],[0,0,1]11)

Sage] A.QR(full=false)

{01 0]
10 0

31 1

0 0 0.70710678118654757 |’ 02 !
. / 2

0 0 0.70710678118654757 00 1.414213562373095

Comment. Can you figure out what happens if you omit the full=false? Check out the comment under
Variations in the statement of the QR decomposition. On the other hand, the QQbar is telling Sage to compute
with algebraic numbers (instead of just rational numbers); if omitted, it would complain that square roots are
not available
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12 4
Example 75. (extra) Determine the QR decomposition of A:[ 00 -5 }
03 6

Solution. We first apply Gram—Schmidt orthonormalization to the columns of A. For a variation, like a computer,
we normalize after each step (rather than normalize at the end):

| ],sothatql—m.
i (]
(e (o] ] 2]

e b=

O O

= O o

10 0 ) T 1 0 ol[12 4 12 4
Therefore, @Q=| 0 0 —1 |. Finally, R=Q*A=|0 0o 1|00 -5 |=|0 3 6 |.
01 0 0 —-10]Jlo3 6 005
) o 12 4 1 0 o][1 2 4
In conclusion, we have found the QR decomposition: | 0 0 -5 |=| 0 0 1 0 3 6
03 6 0 —10]Jloo0s5
A Q R

Comment. As noted before, we actually could write down R without any additional computation. Indeed, realize
that the second column of R, that is [2,3,0]7 means that

2nd col of A=2q; + 3q2.

Which we already knew from our computation of go! Also, by construction, we know that the second column
of A is a linear combination of g; and g2 only, and that g3 enters the story later on. This corresponds to the
fact that R is always upper triangular.

Letting Sage do the work for us.

Sage] A = matrix(QQbar, [[1,2,4], [0,0,-5], [0,3,6]11)

Sage] A.QRQO)

10 O 124
00 -11],]036
01 O 005

Comment. The QQbar is telling Sage to compute with algebraic numbers (instead of just rational numbers); in
general, if omitted, it would complain that square roots are not available (because the matrices @ and R typically
involve square roots). Here, we are lucky that square roots didn't creep in.

5o O vz 5 vz
Solution. (final answer only) A=QRwith @Q=| 0 o 1 |and R= % V2 |-
% =0 0o 1
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Example 77. One practical application of the QR decomposition is solving systems of linear
equations.

A(B =b e QR:E =b (now, multiply with Q7 from the left)
—  Re=Q"%

The last system is triangular and can be solved by back-substitution.

A couple of comments are in order:

If Aisn xn and invertible, then the “=—"is actually a "<="".

The equation Rz = Q”b is always consistent! (Recall that R is invertible.)

Indeed, if A is not n X n or not invertible, then Rz = QTb gives the least squares solutions!

Why? ATAz=ATb <= (QR)TQRz=(QR)"™» <= RTR2=RTQ™ <= Rz=0Q"b
=RTQTQR

[For the last step we need that R is invertible, which is always the case when A is m x n of rank n.]

So, how does the QR way of solving linear systems compare to our beloved Gaussian elimination (LU)?
It turns out that QR is a little slower than LU but makes up for it in “numerical stability".
What does that mean? When computing numerically, we use floating point arithmetic and approximate

each number by an expression of the form 0.1234 - 10716, A certain (fixed) number of bits is used to
store the part 0.1234 (here, 4 decimal places of accuracy) as well as the exponent —16.

Now, here is something terrible that can happen in numerical computations: mathematically, the quantities
2z and (z 4 1) — 1 are exactly the same. However, numerically, they might not. Take, for instance, = =
0.1234-107°. Then, to an accuracy of 4 decimal places, z +1=0.1000- 10!, so that (z+1)—1=0.0000.
But x #£ 0. We completely lost all the information about .

To be numerically stable, an algorithm must avoid issues like that.

Z is a least squares solution of Ax=1>b
<= Rz=Q'b (where A=QR)
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| Preview: The spectral theorem

=N

] as A=PDP L.

]_

Example 78. (review) In Example 17, we diagonalized A:l

-1
o |, D=
1

Spell out what that tells us about A!

Solution. The diagonal entries 5,2,2 of D are the eigenvalues of A.

!

0 —1
e The 2-eigenspace of A is 2-dimensional. A basis is [ 1 },[ 0 }
0 1

cowm ONO
oo W
==

We found that one choice for P and D is P:[

— NN
o= O

The columns of P are corresponding eigenvectors of A.

N

—

2 2
° { 2 } is a 5-eigenvector of A (that is, A[ 2 }: 5{ 2
1 1

8 —6 2
Example 79. Diagonalize the symmetric matrix A:[ -6 T —4 } as A=PDP 1.
2 —4 3
Review. Recall that a matrix A is symmetric if AT = A.

Solution. We let Sage do the work for us:
Sage] A = matrix([[8,-6,2],[-6,7,-4]1,[2,-4,3]1])
Sage] A.eigenmatrix_right()

{11
1
-1 =

2

O O Ot
o W o

- =1 2 1

| ==
—_
1

—_ N
NN
| I

5
This ouput shows that A is diagonalizable as A=PDP~! with D=| 0
1

0
0 |and P=]| —1
0

2
Just to make sure. This means that the eigenvalues of A are 15, 3,0 (the diagonal entries of D).

1 1

1
Moreover, we have that [ -1 J is a 15-eigenvector, [ é J is a 3-eigenvector, and [ 2 } is a O-eigenvector.
1
L -1 2

2

Important observation. Note that the eigenspaces of A are orthogonal to each other here.

The spectral theorem says that this is true for all symmetric matrices A.

8 —6 2
Example 80. Diagonalize the symmetric matrix A:[ -6 7 —4 } as A=PDPT,
2 —4 3
. - _ 2 2 1
Solution. By the previous example, we can diagonalize A as P D P~! with P = { -2 1 2 ] and D =

15 0 0 1 -2 2

0 30 |

0 00

(To avoid fractions, we just scaled the first two columns of 15, which are eigenvectors.)

Note that the columns of P are orthogonal (this is due the spectral theorem). If we normalize them (they all

2 2 1
have length \/22+22 +1 = 3), then we obtain the orthogonal matrix P = %[ -2 1 2 }
1 -2 2

Since P~ = PT, we now have A= PDPT.
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Example 81.
(a) Determine the eigenspaces of the symmetric matrix A :[ ; i }
(b) Diagonalize A as A= PDPT.

Solution.

1—

(a) The characteristic polynomial is ‘ )

A 4 E N ‘ =X _5\= A(A—5), and so A has eigenvalues 5, 0.
The 5-eigenspace is null({ ;4 31 D has basis [ ; }

The O-eigenspace is null([ ; Z D has basis [ 712 }

Important observation. The 5-eigenvector [ ; } and the O-eigenvector [ 712 ] are orthogonal!

(b) Note that a usual diagonalization is of the form A= PD P!

We need to choose P so that P~ 1= PT which means that P must be orthogonal (meaning orthonormal
columns). [Choosing such a P is only possible if the eigenspaces of A are orthogonal.]

. . 1 17—
Hence, we normalize the two eigenvectors to —{ L } and —{ 2 }

V5l 2 V5l 1

With P:%[; 712 } and D:[g 8}, we then have A= PD PT.
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Notes for Lecture 15 Wed, 2/18/2026

Review. A matrix A has orthonormal columns <= ATA=1.

Example 82. Suppose () has orthonormal columns. What is the projection matrix P for orthog-
onally projecting onto col(Q)?

Solution. Recall that, to project onto col(A), the projection matrix is P = A(ATA)~1AT.

Since Q7Q = I, to project onto col(Q), the projection matrix is P = QQ".

Comment. A familiar special case is when we project onto a unit vector g: in that case, the projection of b onto
. . T . T - . . . T

qis (g-b)g=q(qg'b)=(qq" )b, so the projection matrix here is gq" .

Comment. In particular, if @ is not square, then Q7Q =1 but QQ” # I. In some sense, Q Q7 still “tries” to

be as close to the identity as possible: since it is the matrix projecting onto col(Q) it does act like the identity

for vectors in col(Q). (Vectors not in col(Q) are sent to their projection, that is, the closest to themselves while
restricted to col(Q).)

Example 83. Suppose A is invertible. What is the projection matrix P for orthogonally projecting
onto col(A)?

Solution. If A is an invertible n x n matrix, then col(A) = R™ (because the n columns of A are linearly
independent and hence form a basis for R"™).

Since col(A) is the entire space we are not really projecting at all: every vector is sent to itself.

In particular, the projection matrix is P = 1.

Definition 84. An orthogonal matrix is a square matrix with orthonormal columns.

[This is not a typo (but a confusing convention): the columns need to be orthonormal, not just orthogonal.]

‘ An n x n matrix Q is orthogonal <= QTQ =1 ‘

In other words, Q1 = Q7.

Review. Recall the following properties of determinants:

e det(AB)=det(A)det(B)

Comment. In fancy language, this means that the determinant is a group homomorphism between the
group of (invertible) n x n matrices and (nonzero) complex numbers. Note that, on the left hand, we
are multiplying matrices while, on the right hand, we are multiplying numbers. The key point is that it
doesn’'t matter which multiplication we do: the two multiplications are compatible.

[ ]
(o

_ 1
et(A™) = det(A)

Comment. Can you derive this from the previous property?

°
o

et(AT) =det(A)

Comment. We are familiar with this in the context of cofactor expansion: it doesn’t matter whether
we expand by a column or by a row.

Example 85. What can we say about det(Q) if () is orthogonal?

Solution. Write d = det(Q). Since Q! = QT, we have % = d (recall that det(Q ') = 1/det(Q) and
det(QT) =det(Q)) or, equivalently, d? =1. Hence, d = +1.

Both of these are possible as the examples ) :{ (1) (1) } and @ :{ (1) 31 } illustrate.
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Review: Diagonalizability

Example 86. (review) If A is a 2 x 2 matrix with det(A) = —8 and eigenvalue 4. What is the
second eigenvalue?

Solution. Recall that det(A) is the product of the eigenvalues (see below). Hence, the second eigenvalue is —2.

‘ det(A) is the product of the eigenvalues of A.

Why? Recall how we determine the eigenvalues A1, A2, ..., A, of an n X n matrix A. We compute the
characteristic polynomial det(A — AI') and determine the \; as the roots of that polynomial.

That means that we have the factorization det(A — AI) = (A1 — A)(Ay, — A)---(Ay, — A). Now, set A =0 to
conclude that det(A) = A Aa-+- Ay,

Lemma 87. A matrix A is diagonalizable if and only if, for every eigenvalue A\ that is k times
repeated, the \-eigenspace of A has dimension k.

In short, an n X n matrix A is diagonalizable if and only if there exists a basis of R™ consisting of eigenvectors
of A (i.e. “there are enough eigenvectors”).

The next two examples illustrate that not all matrices are diagonalizable and that, even if a real
matrix is diagonalizable, the eigenvalues and eigenvectors might be complex.

Example 88. What are the eigenvalues and eigenvectors of A= [ 8 (1) }? Is A diagonalizable?

Solution. The characteristic polynomial is det([ _0)‘ _1>\ D =2, which has A =0 as a double root.

However, the O-eigenspace null(A) :span{[ (1) }} is only 1-dimensional.

As a consequence, A is not diagonalizable.

Example 89. What are the eigenvalues and eigenvectors of A = [ (1) 51 }? Is A diagonalizable?

Solution. The characteristic polynomial is det([ *1>‘ :; D =X+ 1=\ —9)(A+1i).
Hence, the eigenvalues are +i.

The i-eigenspace null({ 711 :1 D has basis [ i }
The —i-eigenspace null([ i ;.1 D has basis [ 711 }

Thus, A has the diagonalization A= PD P~ with D:[ v ] and P:[ P }
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The spectral theorem

Recall that a matrix A is symmetric if and only if A7 = A.

Theorem 90. (spectral theorem, long version) Suppose A is a symmetric matrix.
e A is always diagonalizable.
e All eigenvalues of A are real.

e The eigenspaces of A are orthogonal.

Proof. We will prove (parts of) the spectral theorem later on. For now, we just appreciate that the spectral
theorem guarantees all these nice things to happen for symmetric matrices (for any specific A we know how to
determine whether A is diagonalizable and what its eigenspaces are).

Comment. The eigenspaces of A being orthogonal means that eigenvectors for different eigenvalues are always
orthogonal.

Important consequence. In the diagonalization A = PDP 1, we can choose P to be orthogonal (in which
case P71 = PT). In that case, the diagonalization takes the special form A = PD PT, where P is orthogonal
and D is diagonal.

(spectral theorem, compact version) A symmetric matrix A can always be diagonalized as
A= PDPT, where P is orthogonal and D is diagonal (and both are real).

How? We proceed as in the diagonalization A= PDP~!. For a symmetric matrix A, we can arrange P to be
orthogonal, by normalizing its columns. If there is a repeated eigenvalue, then we also need to make sure to pick
an orthonormal basis for the corresponding eigenspace (for instance, using Gram—Schmidt).

Advanced comment. A matrix such that A7A = A A7 is called normal. For normal matrices, the (complex!)
eigenspaces are again orthogonal to each other. However, normal matrices which are not symmetric will always
have complex eigenvalues. (In that case, the orthogonal matrix P gets replaced with a unitary matrix, the complex
version of orthogonal matrices, and the PT becomes the conjugate transpose P* = PT.)

Example 91.
(a) Determine the eigenspaces of the symmetric matrix A :{ ; i’ }
(b) Diagonalize A as A= PDPT.
Solution.
(a) The characteristic polynomial is ‘ ! 3 A L 3 N ‘ =(A—4)(A+2), and so A has eigenvalues 4, —2.
The 4-eigenspace is null([ ;3 33 D has basis [ } }

The —2-eigenspace is mﬂl([ 3 D has basis [ S }

Important observation. The 4-eigenvector [ 1 } and the —2-eigenvector [ _11 } are orthogonal!

Review. The product of all eigenvalues —2 -4 = —8 equals the determinant det(A)=1—9=-8.

(b) Note that a usual diagonalization is of the form A=PD P!

We need to choose P so that P~ ! = PT which means that P must be orthogonal (meaning orthonormal
columns). [Choosing such a P is only possible if the eigenspaces of A are orthogonal.]

. . 1 17—
Hence, we normalize the two eigenvectors to —{ L ] and —{ 1 ]

VZL 1 VZL o1

With P:%{ 1 711 } and D:[g BQ }, we then have A= PD PT.
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Example 92. (again, simplified) Diagonalize the symmetric matrix A:{ :1)) i’ } as A=PDPT.

Solution. See Example 91 for a solution that illustrates how to diagonalize any symmetric matrix. For a simplified
solution, note that we can see right away that [ } } is a 4-eigenvector (since the row sums are equal!).

—1

Because the eigenspaces are orthogonal (since A is symmetric!), [ } must also be an eigenvector.

Indeed, [ ;) :13 }[ 711 } :{ 32 } shows that the corresponding eigenvalues is —2.

We normalize the two eigenvectors and use them as the columns of P, so that P =

matrix (P~ = PT). With D :{ g BQ } we then have A= PDPT.

1 1 —11]-
ﬁ[ 11 } is an orthogonal

Example 93. Let A be a symmetric 2 x 2 matrix with 7-eigenvector [ g } and det(A4) = —21.
Determine the second eigenvalue and a corresponding eigenvector.
Further, diagonalize A as A= PD PT.

Solution. A has —%: —3-eigenvector [ ;5 }

Hence, A= PD PT with D:{ 7 4 } and P:%[g ;5 }

Comment. Recall that, because A is symmetric, the eigenvector must be orthogonal to [ g }

[In general, [ i ] and [ ;b ] are orthogonal.]

Let us prove the following important part of the spectral theorem.

Theorem 94. If A is symmetric, then the eigenspaces of A are orthogonal.

Proof. To prove the claim we need to show that, if v and w are eigenvectors of A with different eigenvalues
(say A and p), then v-w = 0. Suppose therefore that Av = Av and Aw = pw with X # p.

First, we observe that, for any matrix A and vectors v, w, we have the following:
(Av) - w = (Av)Tw = (vVTAT)w = v (ATw) = v - (ATw)
If A is symmetric, we therefore have
(Av) - w=v- (Aw).

We now use that Av = Av and Aw = pw to conclude from the above that A\v - w = pv - w.
However, since \ # p, this is only possible if v-w =0. O
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Notes for Lecture 16 Wed, 2/25/2026

Example 95. (review) Let A be a symmetric 2 x 2 matrix with 2-eigenvector [_13} and
det(A)=8. Determine the second eigenvalue and a corresponding eigenvector.

Further, diagonalize A as A= PDPT.

Solution. A has 8 /2 = 4-eigenvector [ i’ } (chosen to be orthogonal to [ 53 } since, by the spectral theorem,

symmetric matrices have orthogonal eigenspaces).

_ T . |2 _ 1 1 3
Hence, A= PD P W|tth[ 4}andeﬁ{ ]

Powers of matrices

Example 96. (warmup) Consider A:[ _02 g ]

e What are the eigenspaces?

e What are A~ and A'99? What is A™?

Solution.

0
1

)

} is a 3-eigenvector. In other words, the —2-eigenspace is span{[

O =

° [ (1) } is a —2-eigenvector, and [

and the 3-eigenspace is span{[ (1) }}

_ —1/2 0 —92)100 0 2100 0 _oy 0
e A 1:{ 0/ 1/3} and Alooz{( 0) 3100}:{ R } In general, An:{( O) 0 ]
Comment. Algebraically, the map v+ Aw looks very simple. However, notice that it is not so easy to say what

3
4

by —2, the other part is scaled by 3.

happens to, say, v :{ } geometrically. That is because two things are happening: part of the vector v is scaled

Example 97. If A has A-eigenvector v, then what can we say about A??

Solution. A? has \%-eigenvector v.
[Indeed, A%v = A(Av) = A(Av) = MAv = A\?v. This is even easier in words: multiplying v with A has the effect
of scaling it by \; hence, multiplying it with A? scales it by \2.]

Important comment. Similarly, A'%0 has \'%0_eigenvector v.

Example 98. If a matrix A can be diagonalized as A= PDP~!, what can we say about A"?
Solution. First, note that A= (PDP~1)(PDP~')=PD?P~!. Likewise, A" =PD"P~ !
[The point being that D™ is trivial to compute because D is diagonal.]
In particular. A—l'=pPD-1p—1
Important comment. In the previous example, we observed that, if A has \-eigenvector v, then A™ has \"-
eigenvector v. Note that this is also expressed in A” = PD™P~ !, because the latter is a diagonalization of A™.
The diagonalization shows that A™ and A have the same eigenvectors (since we can use the same matrix P) and
that the eigenvalues of A™ are the n-th powers of the eigenvalues of A (which are the entries of the diagonal
matrix D).

(computing matrix powers) If A is a square matrix with diagonalization A= PD P~!, then

A= ppDnp—1L,
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Example 99. Let A= [ i é } Compute A™.

Solution. First, we diagonalize: A= PD P~ with P:{ P } and D:[ 0 ] (Fill in the details!)

n_ np—1_[1 —1][ 10" iri1 1]_11 -1 o 10™ |_1[ 10"+4-5" 10" —5"
At =PpPD"P _{4 1 M 5"}5[—4 1]_5{4 1 ]{—45" 1~5"}_5 4-10" —4-5" 410"+ 5"

Check. Verify the cases n =0 (A°=1) and n = 1.

Example 100. (extra) Let A= . Determine A™.

— N
o NN O
W N DN

Solution. We first repeat our work from Example 17 to find a diagonalization of A:
By expanding by the second column, we find that the characteristic polynomial det(A — AI) is

2

4-A
(2_”\)’ 1 3-X

‘—(2—/\)[(4—/\)(3—/\) —2]=(2=X)2(5—- ).

> NN

Hence, the eigenvalues are A =2 (with multiplicity 2) and A =5.

—1 0 2 1 0 —2 2
RREF
e A=05:null 2 -3 2 = nulf| 01 -2 =span{ | 2
1 0 —2 00 O 1
20 2 RREF 1 01 0 —1
e A=2:null 2 0 2 = nulll] { 000 = span 14| O
101 000 0 1]
20 —1 (500
We therefore have the diagonalization A=PDPlwithP=|21 0 |,D=|020
10 1 L0 0 2
[Keep in mind that other choices for P and D exist.]
1 1 0 1
With some labor (do it!), we find P~1==| —2 3 —2
-1 0 2
It follows that
A" = pPD"P—!
20 —1 5 0 0 1 1 0 1
= 21 0 0o 2™ 0 3 -2 3 -2
1 0 1 0o o0 27 -1 0 2
1 2.5 0 -2 1 0 1
=3 2.5 2" 0 -2 3 =2
5 0 2" -1 0 2
[ o25m42n 0 2.5m—2.2m
= 3| 2-5m—2.2" 3.2n 257227
5n —2m 0 574 2.2™M
Check. Notice that it is particularly easy to verify the cases n =0 (A’ =1) and n=1.
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Notes for Lecture 17 Fri, 2/27/2026

‘ Application: Markov chains

Example 101. Consider a fixed population of people with or without active immunization against

some disease (like tetanus). Suppose that, each year, 40% of those unprotected get vaccinated

while 10% of those with immunization lose their protection.
What is the immunization rate in the long run? (The long term equilibrium.)

Solution.

0.1
B
o.eC—|unprotected e e

x4: proportion of population unprotected at time ¢ (in years)

y;: proportion of population immune at time ¢ [Note that ¢+ y; =1.]
Tt41 _ 061’t + 0-1yt — 0.6 0.1 Tt
Yt 41 0.4z + 0.9y, 0.4 0.9 Yt

The matrix M:[ 8'2 8'51; } is the transition matrix of this dynamical system, because it describes the transition

from time ¢ to time ¢ + 1. This particular one is a Markov matrix (or stochastic matrix): its columns add to 1
and it has no negative entries.

Powers of the transition matrix. Note that [ gy”” } = M”[ z“ } In other words, M™ describes the transition
n 0

over n years. In particular, the powers of M are the key to understanding what happens in this model over time.

T oo

o 0.4 0.9 Yoo

oo

Equilibrium. [ } is an equilibrium if[ Too }:[ 0.6 0.1 M Too } In other words, [ z* } is an eigenvector with

eigenvalue 1.

. . —0.4 0.1 . [
The 1-eigenspace is null([ 04 —ou1 D, which has basis [ 4 }

. 1
Since Too + Yoo = 1, we conclude that [ TZ: ] :m[ i ] :{ i;g }
Hence, the immunization rate in the long term equilibrium is 4 /5 = 80%.

[Ponder about why this is a reasonable valuel!]

Comment. What's the other eigenvalue of the transition matrix? No need to compute the characteristic poly-
nomial: we can easily see that it is 0.5 =0.6-0.9 — 0.1 - 0.4 because the product of the eigenvalues equals the
determinant!

The 0.5-eigenspace is spanned by [ 711 }

Comment. Will the immunization rate always stabilize and approach the long term equilibrium? Yes! This
is a consequence of the other eigenvalue of the transition matrix satisfying |0.5] < 1. If we start in state

B M RE R A I sy

Random comment. A rule of thumb is that a tetanus vaccination begins to wear off after about 10 years
(somewhat in line with the 0.1 transition proportion in this example). However, the tetanus immunzation rate
in the United States appears to be considerable less than the 80% we found in this (awfully simplistic) example.

https://www.cdc.gov/mmwr/preview/mmwrhtml/mm5940a3.htm

Example 102. Compute M™ for M :{ 8'2 8'3 }

Solution. In Example 99, we computed that A :{ 61 } had powers A™ =

1[ 10m"+44.5" 10" —5"
49

50 4-10"—4-5™ 4-10"+ 5"

. 1 e n_ 1 4n_1[1+44.05" 1-05"
Since M_loA’ this implies that M —mnA —5[474_0.571 4+0'5n}.

1 . 1 . S
Note that M”—>g{ le }1 } as n — o0. This reflects the fact that 3{ i } is the long term equilibrium.
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Example 103. (extra) Consider a fixed population of people with or without a job. Suppose
that, each year, 50% of those unemployed find a job while 10% of those employed lose their job.
What is the unemployment rate in the long term equilibrium?

Solution. Let x; and y; be the proportions of tljose employed and unemployed. Proceeding, as in the previous
0.9 0.5

example, the transition matrix is M :{ 01 o

0.5

-« .
0.9C employed 01 |no job| Dos

The 1-eigenspace of M, that is null({ :)?il 86?5 D has basis [ ? ] The corresponding equilibrium is = Jlr 1{ ‘;) ]

In particular, the unemployment rate in the long term equilibrium is 1 /6 = 16.7%.

Example 104. Which of the following are true for all square matrices A?
e s it true that A7 has the same eigenvalues as A?
e s it true that A” has the same eigenspaces as A?
e s it true that A7 has the same characteristic polynomial as A?

Solution. True. False. True.

First, note that the characteristic polynomial det(A — AI) is the same as det( AT — \I). [Make sure you can fill in
the details of why this is the casel] Hence, the eigenvalues (which are the roots of the characteristic polynomial)
are also the same for A and AT

On the other hand, AT and A in general have very different eigenspaces. Take, for instance, the matrix A =

[ 8'2 8; } from Example 101. Then both A and AT have eigenvalues A =0.5, 1.

However, the 1-eigenspace of A is spanned by [ le }, while the 1-eigenspace of AT is spanned by [ 1 }

Example 105. Show that a Markov matrix A (so that the columns of A sum to 1) always has
eigenvalue 1.
Solution. This follows because the transpose A7 always has [1 1 ... 1]7 as an l-eigenvector (by virtue of
the rows of A7 summing to 1). [Make sure that makes sense!]

By the previous example, A must also have eigenvalue 1 (but we have no idea what a 1-eigenvector is until we
compute it).
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Notes for Lecture 18 Mon, 3/2/2026

| Application: PageRank

Example 106. Suppose the internet consists of only the three webpages A, B, C.

We wish to rank these webpages in order of “importance”.
The idea. Instead of analyzing each webpage (which would be a lot of work!) we
will try to only use the information how the pages are linked to each other. The
idea being that an “important” page should be linked to from many other pages.
A and B have a link to each other. Also, A links to C' and C' links to
B. If you keep randomly clicking from one webpage to the next, what
proportion of the time will you be at each page?
The idea. We will assign ranking to the pages according to how frequently such

a random surfer would visit these pages.

Comment. Before we start computing, stop for a moment, and think about how you would rank the webpages.

Solution. Let a; be the probability that we will be on page A at time t. Likewise, by, ¢ are the probabilities
that we will be on page B or C.

The transition from one state to the next now works exactly as in the previous
example. We get the following transition matrix:

——(B)
0.5
a1 -at—l—l-bt—l—O-ct-I [ 1 O-I a;
bt+1 = -at+0-bt+1-ct — 01 bt 0.5 1
Ct+1 ~at+0'bt+0~ct 00 Ct
To find the equilibrium state, we again determine an appropriate 1-eigenvector.
[-1 1 o]

2
The 1-eigenspace is null [ -1 1 J which has basis [ 2 }
0o -1 1

V=N = O
V|| = O

NENE

2

The corresponding equilibrium state is ;{ 2 } In this context, this is also known as the PageRank vector.
1

In other words, after browsing randomly for a long time, there is (about) a %z 40% chance to be at page A, a

%:40% chance to be at page B, and a é: 20% chance to be at page C.

We therefore rank A and B highest (tied), and C' lowest.

Just checking. Maybe we were expecting B to be ranked above A, because B is the only page that has two
incoming links. However, if we are at page B, then our next click will be to page A, which is why A and B
receive equal ranking.

This method of ranking is the famous PageRank algorithm (underlying Google's search algo-
rithm).

By the way, the algorithm is named, not after ranking web'"pages”, but after Larry Page (who founded Google
in 1998 together with Sergey Brin).
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Example 107. Suppose the internet consists of only the four webpages e
A, B,C, D which link to each other as indicated in the diagram.
Rank these webpages by computing their PageRank vector.

Solution. Recall that we model a random surfer, who randomly clicks on links.
Let a; be the probability that such a surfer will be on page A at time t. Likewise,
by, ¢, dy are the probabilities that the surfer will be on page B, C or D.

The transition probabilities are indicated in the diagram to the right. As in the 1/2
previous example, we obtain the following transition behaviour: e

1/3
{ 0-ar+g bi+1-ci+0-dy -| [ 0
ca;+0-by+0-c+0-dy
cat+0:-by+0-cr+1-dy
captg b0 +0-dy

[ at41

bey1 |_
\‘ g J
diq1
—M 1 :

To find the equilibrium state, we determine an appropriate 1-eigenvector of the transition matrix M.

Wl w| |-
w|~w|~w| -
V- O O N
o O O =
o = O O

[—1 5 1 0]
. . L -1 0 o0
The 1-eigenspace is null(M — 1-1) =null 3 0 L
L _
s 3 0 -1
|1 1
-1 5 1 0 100 —2]
1 2
- -1 0 0 010 —=
To compute a basis, we perform Gaussian elimination: 51” RREF g
- 0 -1 1 001 —=
Zl)) 1 000 ?)
3 2z 0 -1

We conclude that the 1-eigenspace has basis [

= owluw| o N

|. (Note that its entries add up to 2 —&—%—i—g—&— 1 :?.)

n

( : ] [0.370

=

The corresponding equilibrium state is 3 z[ 0.125 J This is the PageRank vector.

16 0.313

0.188

= wlow|o N

[For instance, after browsing randomly for a long time, there is (about) a 12.5% chance to be at page B.]
Correspondingly, we rank the pages as A>C > D > B.

The real internet. [Google is getting more secretive about this kind of data, so the numbers are estimates from a while ago.]
e Google reports (2016) doing “trillions” of searches per year. [2 trillion means 63,000 searches per second.]
e Google's search index contains almost 50 billion pages (2016). [Estimated to exceed 100,000,000 gigabytes.]

e More than 1,000,000,000 websites (i.e. hostnames; about 75% not active)

[The “average” user apparently only visits about 100 websites per month; wikipedia.org is one website, consisting of many webpages
(more than 2,000,000).]
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Gory details. (extra) There's nothing interesting about the Gaussian elimination above. Here are the full details:

[ —1 % 1 0 ] RotiRi=Ro |' -1 % 1 0 -| [ -1 % Lo -|
1 Rs++R1=Rs 5 1 Rg+3Ro= Ry 5 1
3 —1 0 0 RA+ER,¢HJ 0 -5 3 Ri+3Ro= Ry 0 s 3 0
it o~ 1 2 e 3
= 0 -1 1 0o = - 1 0 0 -z 1
1y 4 o £ = -1 0o o0 = -1
3 2 3 3 5
|—71 L 10-|*§R@Rl|—17l -1 0 |-1—lofﬁ-| |'10072'|
2 X —2Ry=> R 2 5 Ri+ o= I 2 g 2
Ri+Rs= Rs 0 -3 L o| Sre=r| o 1 -2 0 | RetiRs=R: | 0 10 —2 | migre=m | 010 —2
5 6 3 ~ 5 . > 3 ~ 5
0 0 —% o o0 1 ,g 0 72 001 —%
0 0 00 0o 0 0 0 0 00 0 000 0

Practical comment. The transition matrix we would get for the entire internet indexed by Google is prohibitingly
large (a 50 billion by 50 billion matrix). While gigantic in size, it is a very sparse matrix, meaning that almost
all of its entries are zero (each column has 50 billion entries but only a handful are nonzero, namely those
corresponding to a link to another webpage). This is typical for many applications in linear algebra: we often
deal with big but sparse matrices.

Another practical comment. It's not an issue in our simple example, but what if our random surfer gets stuck
on a webpage without links? Or, similarly, gets stuck in a loop of links? To deal with these, it is customary to
include “teleportation”. That is, each time, one of two things happens: with probability p (typically, something like
p=0.85) our surfer clicks a link as before; otherwise, with probability 1 — p, he is teleported to some unrelated
other page. Further, if the surfer comes to a page without links, he would teleport away.

A final practical comment. In practical situations, the system might be too large for finding the equilibrium
vector by elimination, as we did above. An alternative to elimination is the power method: it is based on the idea
that the equilibrium vector is what we expect in the long-term. We can approximate this “long-term’ behaviour
by simulating a few transitions. For instance, in our example, if we start with thestate [ 1/4 1/4 1/4 1/4]%
which corresponds to equal chances of being on each webpage, then the next state (that is, after one random
click) is

1
1/4 [?210][1/4] [3/8] [0.375]
Ml V4|3 000101 1/4 | 1/12 | 0.083
/41 | L oo1 1/4 || 1/3 | | 0333 |
1/4 . 1/4 5/24 0.208
5500

Note that the ranking of the webpages is already A, C', D, B if we stop right here.

1/4 '| 0375 |' 1/4'| 0.396
: : ; 2 1/4 0125 3 1/4 | _| 0.125
The state after that (that is, after two random clicks) is M 4 0333 |- and M 172 |=| 0202 |
1/4 0.167 1/4 0.188
037
Observe how we are (overall) approaching the equilibrium vector [ 8 ig J
0.188

Iterating like this is guaranteed to converge to a 1-eigenvector under mild technical assumptions on the transition
matrix (for instance, that all its entries be positive; in that case, the other eigenvalues \ satisfy |A\| <1 so that
their contributions go to zero exponentially, as in Example 101).
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Notes for Lecture 19 Wed, 3/4/2026

| Application: Fibonacci numbers

The numbers 0,1,1,2,3,5,8,13,21, 34, ... are called Fibonacci numbers.
They are defined by the recursion Fj, 1 =F,,+ F,,_1 and F;=0, F; =1.

How fast are they growing? Have a look at ratios of Fibonacci numbers:
2_9 3 _ 155 8_ 16 13_ 21 34
T= 2, 5= 1.5, 3~ 1.667, 5= 1.6, s = 1.625, 3~ 1.615, o7 1.619, ...

These ratios approach the golden ratio ¢ = 1+2\/§ =1.618...

In other words, it appears that lim %:¥ This indeed follows from Theorem 115 below.
n— 00 "

The crucial insight is the following simple observation:

_ - - Foto | |1 1] Fanr
Foio=F,+1+F, isequivalent to anJA}_[l OH P }

. Fooa |1 11 Ry
In partlcular,{ Fn }—[1 0} |:F[)i|'

Comment. Recurrence equations are discrete analogs of differential equations. We will later see the same idea
applied when we reduce the order of a differential equation by introducing additional equations.

Example 108. We model rabbit reproduction as follows.

Each month, every pair of adult rabbits pro- -

duces one pair of baby rabbit as offspring. |adu|t rabbit| 1 baby rabbit
Meanwhile, it takes baby rabbits one month —

to mature to adults. 1

Comment. In this simplified model, rabbits always come in male/female pairs and no rabbits die. Though these
features might make it sound fairly useless, the model may have some merit when describing populations under
ideal conditions (unlimited resources) and over short time (no deaths).

Historical comment. The question how many rabbits there are after one year, when starting out with a pair of

baby rabbits is famously included in the 1202 textbook of the Italian mathematician Leonardo of Pisa, known
as Fibonacci.

Describe the transition from one month to the next.

Solution. Let a; be the number of adult rabbit pairs after ¢ months. Likewise, b; is the number of baby rabbit
pairs. Then the transition from one month to the next is described by

| a¢ + bt o 11 at
o at - 10 bt ’
That's precisely the transition for the Fibonacci numbers!

It follows that Fibonacci numbers count the number of rabbits in this model.

Comment. Note that the setup is very much as for Markov chains. Here, however, the outgoing values do not

add to 100% for each state. Consequently, we cannot expect an equilibrium (and, indeed, the number of rabbits
increases without bound).

at+1
biy1
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Note that, given any Fibonacci-like recursion, we can apply our linear algebra skills in the same
fashion. The next example illustrates how this is set up.

Example 109. Suppose the sequence a,, satisfies a,, 13 =3a,1+2— 20,11+ Ta,. Write down a
matrix-vector version of this recursion.

an 43 3 -2 7 An+2
Solution. an+2 [=| 1 0 O Ap 41
An+1 0 1 0 an

. @n+2 s , 3 -2
Important. If we write a,, —[ A1 ], then this is simply a,,4+1 = Ma,, with M—{ 1 0
0 1

an

oo

].

If we compute M ™, then this produces an explicit formula for a,, (the third entry of a,). This formula is called
a Binet-like formula (in the case of the Fibonacci numbers, this is precisely the classical Binet formula).

In particular, it follows that a,, = M "ay.
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Notes for Lecture 20 Fri, 3/6/2026

Example 110. Consider the sequence a,, defined by a,, 2 =2a,4+1+ 3a, and ag=—1, a; =5.
(a) Determine the first few terms of the sequence.
(b) Write down a matrix-vector version of the recursion.

(c) Find an explicit formula for a,,.

.. a
(d) Determine lim —“*L,
n—oo An

Solution.
(a) —1,5,7,29,79,245,727,2189, 6559, ...

An 42

(b) The recursion can be translated to
an4+1

SIE
=Tl

After some work (do it!), we diagonalize [ 23 } PDP~1 with D = [ 0 } and P:[ 3 -1 }

(c) (solution using matrix powers) Thus, [ a;“

n

1 1

e R NI ESLEH B

_[an+1 (Cqyn+1 1
- 3n (—1)m

-2

In particular, a,, =3" —2(—1)".

(simplified solution) The eigenvalues of [ f g } are 3 and —1.

Looking back at our work above, we can see that a,, therefore must have a formula of the form a,, =
C1-3"+Co-(—1)" for some unknown constants C1, Cy which we still need to figure out

Using the two initial conditions, we get two equations:

(a0=) C1+Cy=-—1, (alz) 3C1—Cy=5

Solving, we find C1 =1 and Cy = —2 so that, in conclusion, a,, =3™ —2(—1)".

- . a
(d) It follows from the explicit formula that lim —2+tt
n—oo Qn

Important comment. Right after computing the eigenvalues, we knew that this limit would be 3, except
in the special (degenerate) case of C; =0

. . a
To be very precise. To see that lim —2t1
n—oo Qan

=3 (the eigenvalue of largest absolute value).

=3 we can observe that (by dividing each term by 3™)

1\
an+173n+1_2(_1)n+173+2(—§> as n— o0 340

an, - 3n_2(_1)n _1_2(_i>n —1_0:3.
3
Definition 111. A sequence a,, satisfying a recursion of the form
An4+d="T10pn+d—1 1+ T20n4+d—2 + ... +Tdan
is called C-finite (or, constant recursive) of order d.
For instance. For the Fibonacci humbers, d =2 and r{ =ro=1.
TL T v Tg_1 T
e ] T T
In matrix-vector form. a”+,d_1 = 1 0 { a”"‘,d_Q J
Anp+1 - 1 0 (279
‘ M
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By the same reasoning as in the previous example, C-finite sequences always have and explicit
formula (called Binet-like because it is known as the Binet formula for the Fibonacci numbers):

Theorem 112. (generalized Binet formula) Suppose the recursion matrix M has distinct
eigenvalues A1, ..., A\g. Then

ap,=C1AT + O3 + ...+ Cg\y

for certain numbers C1, ..., Cy. If, in addition, the eigenvalue \; is larger in absolute value than
the others (i.e. |[A\1| > |\;| for j=2,3,....d) and C;#0, then

.a
lim =2+l — Aq.

n—oo Ap

How to see the limit. The limit is a consequence of a,, = C1\T + CoA\5 + ... + Cy\]] because, for large n, the
term C1\7 dominates the others. Indeed, we have

A2\ Aa\™
An 41 _ Cl)\?+1+C2Ag+1+...+Cd)\g'+l — CIA1+CQ>\2(/\71) ++Cd)\d(/\71) ni?o Cl>\1 :>\1
an CiAT + CoA5 + ...+ Cg ] Cl‘i‘CQ(%)n—i-...—i—Cd(%)n Ch
. . . 1445 _1-+/5 1 1
For instance. For the Fibonacci numbers, \{ = > A= 5 and Cl—ﬁ, Co= — See Theorem 115.

Comment. More care is needed in the case that eigenvalues are repeated. Also, we need to be careful if there
are several roots of the same absolute value. Consider, for instance, the case a, = 2" 4+ (—2)". Can you see
that, in this case, the limit lim,, . oo 22+ doesn't even exist?

Example 113. Consider the sequence a,, defined by a,, 3 =4a,+2 — an4+1 — 6a, and ag =0,
a)p = —2, a9 = 2.

(a) Determine the first few terms of the sequence.

(b) Find an explicit (Binet-like) formula for a,.

(c) Determine lim 27+,

n—oo An

Solution.

(a) 0,-2,2,10, 50,178,602, 1930, 6050, ...
Note that this sequence is C-finite of order 3.

Gn+3 4 -1 —6 Ap 42
(b) The recursion can be translated to | ap42 |=| 1 0 0 ap41
An+1 0 1 0 an

4—-—X —1 —6

Expanding by the 2nd row: 1 =X 0 :—1-‘71 76‘—)\-‘47>‘ - ‘:—)\3—1-4)\2—)\—6
o PO 1 = 0 —A
The eigenvalues of the transition matrix are the roots of this polynomial: A=—1,2,3

[You will not be asked to find roots of cubic polynomials by hand.]

Hence, a,,=C1-(—1)"+ C3- 2™+ C3- 3™ and we only need to figure out the two unknowns C1, Ca, C's.
Using the three initial conditions, we get three equations:

(ap=) C1+C2+C3=0, (a1=) —C1+2C2+3C3=—-2, (a2=) C1 +4C2+9C3=2.

Solving, we find C1 =1, Co=—2 and C3=1 so that, in conclusion, a, =(—1)" — 22"+ 3",
Comment. Do you see how we might have found the characteristic polynomial directly from the recursion?

(c) It follows from the Binet-like formula that lim Gntl

=3 (the eigenvalue of largest absolute value).
n—oo Qan

Important comment. Right after computing the eigenvalues, we knew that this limit would be 3, except
in the special (degenerate) case of C3=0.
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Example 114. (extra) Consider the sequence a,, defined by a,, 2= 2a,,4+1 + 4a,, and ag =0,

. . a
a1 =1. Determine lim -1

n—oo QAp

Solution. The recursion can be translated to [ Gn+2 }—[ 2 4 M An+1 }
An 41 10 Qnp,

The eigenvalues of [ f é } are 1 /5. Hence, a, = C1(1++/5)" + Cs(1 —+/5)"™ for certain numbers C7, Cs.

[Note that we cannot have C1 =0, because then a,, = C2(1 — /5)" so that ag =0 would imply Co=0.]
Therefore, lim 22tL1—1 4 /5~ 3.23607.

n—oo Qn

A+VE)"—(1—-V5)"
25 '

Comment. With just a little more work, we find the Binet formula a,, =

First few terms of sequence. 0,1, 2,8, 24, 80, 256, 832, ...

These are actually related to Fibonacci numbers. Indeed, a,, = 2™ ~'F},. Can you prove this directly from the
recursions? Alternatively, this follows from the Binet formulas.

Let us work out an explicit formula for the Fibonacci numbers. This works exactly as in our previous
examples, except that the eigenvalues involve square roots.

Theorem 115. (Binet’s formula) F,, = %[( ! +2‘/5 )n - < . _2‘/5 )n]

Proof.
e We already observed that thee recurrence F}, 2 = F}, 1+ F), translates into [ 1};"“ } :{ 1 (1) M Fota }

n F,
For | _[1 1] R i
and, thus,{ o }—[1 0} [Fg}'

e  We therefore diagonalize M :{ 1 (1) } as M = PDP~! with

D— A1 . P= A1 Ag , )\1:1+\/5%1.618, /\2:1_\/5%—0.618.
A2 1 1 2 2

Comment. )\ is the golden ratio!

e |t follows that:

Fn-‘rlf n| F1 _ np—1| 1
[ oy ]_M[FO} — pprpif !

R R RS
o 1 1 AZ A1 =X =1 X\ 0

SRR
oA a |VBEL -1
[ oagtogn
T — Ay

V5

e Hence, F,, = %()\? — A5), which is the claimed formula. O

n
Comment. For large n, F), %% AT (because A} becomes very small). In fact, F,, = round(% (ﬁ) )

Back to the quotients of Fibonacci numbers. In particular, because \T dominates A5, it is now transparent

that the ratios % approach \; = ! +2\/5 ~ 1.618.

Comment. It follows from A2 <0 that the ratios % approach )\j in the alternating fashion that we observed
numerically earlier. Can you see that? "
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Notes for Lecture 21 Mon, 3/16/2026

Review. Recurrence equations, diagonalization, explicit (Binet-like) formulas

Example 116. Consider the sequence a,, defined by a,+2=2a, 1+ da, and ap=0, a1 =1.

()
(b)
()

Determine the first few terms of the sequence.

Find an explicit (Binet-like) formula for a,,.

. . a 1
Determine lim —*%

n—oo Unp

Solution.

(a)
(b)

(<)

0,1,2,9,28,101, 342, 1189, 4088, ...

The recursion can be translated to [ An+2 }:[ 25 M Gn+1 ]
An 41 10

The eigenvalues of [ f g } are 1 +/6.
Hence, a,, = C1(1+v/6)™ + C2(1 —1/6)™ and we only need to figure out the values of C; and Cs.

Using the two initial conditions, we get two equations:
(ap=) C1+C2=0, (a1=) C1(1++6) +C2(1 —/6)=1.

1 1 . . (4B — (1 —/B)"
PN and Cy = PN so that, in conclusion, a,, = 375 .

Comment. Alternatively, we could have proceeded as we did previously in the case of the Fibonacci
numbers: starting with the recursion matrix M, we compute its diagonalization M = PD P~!. Multiplying

out PD"P*l[

Solving, we find C; =

Zl }, we obtain the Binet-like formula for a,,. However, this is more work than what we did.
0
It follows from the Binet-like formula that lim % =1+4+/6 ~ 3.44949.

n— oo n
Comment. Actually, we don’t need the Binet-like formula for this conclusion. Just the eigenvalues and the
observation that C cannot be 0 are enough. [We cannot have C; =0, because then a,, = Ca(1 — \/6)”
so that ap =0 would imply Cy=0.]
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Notes for Lecture 22 Wed, 3/18/2026

Another brief look at projections (and reflections)

(projections) Suppose that M is the projection matrix for projecting onto a subspace W.
e The l-eigenspace of M is V.
e The 0O-eigenspace of M is W=

In particular, M is symmetric.

Why? By definition, the 1-eigenspace of M consists of those vectors that get projected to themselves. But those
are precisely the vectors in W (recall that projecting a vector v onto W means producing the vector in W that
is closest to v). Can you likewise spell out the situation for the 0-eigenspace?

Note that M cannot have further eigenvalues (because the dimensions of W and W already add up to the
dimension of the space that we are working in).

Because the eigenvalues of M are real and the eigenspaces are orthogonal, the matrix M has a diagonalization
of the form M = PDPT (make sure you can explain why!) which implies that M is symmetric (that's because
MT =(PDPT)T = (PT)TDTPT = PDPT = M).

= O
| I
—
=N O
| I

Example 117. Let A be the matrix for orthogonally projecting onto W =span [

(a) Diagonalize A (without first computing A) as A= PD P!,
(b) Diagonalize A as A= PDPT.

Comment. This gives us yet another way to get our hands on projection matrices: we can directly
write down the matrices P, D for the diagonalization A = PD PT. The main point here is that the
diagonalization of a A nicely reveals all the information about the projection.

[Can you see that this is not really a “new” way of computing projection matrices? In particular, note
that, if Q is the matrix P with the third column omitted, then A =Q Q7]

Solution.

(a) The eigenvalues of A are 1,1,0. The 1-eigenspace of A is W (2-dimensional), and the O-eigenspace is
WL (1-dimensional).

—1/4
We already have a basis for 1. On the other hand, W+ :null({ g g i D has basis { —1/2 }

1 40 —1/4 1
We therefore choose D = 1 and P=|0 2 —-1/2 |.
0 11 1

(b) In order to achieve a diagonalization PD P we need to choose P to be orthogonal (which we can do
here because the eigenspaces are orthogonal).

4 0
Applying Gram—Schmidt to the basis w; = | 0 |, wa = | 2 | (of the 1l-eigenspace), we construct the

1 1
o |=2] 17
1 17 8

] 4 1] -4 —1/4 1[4 1 -2 1 [ -1
Next, we normalize the vectors | 0 |, 7| 34 || —1/2 | to Wivd Ol == 7 | 7| 2 |
1 16 1 1 8 4
1 [4/m —2//357 —1/2T
We therefore choose D —{ 1 } and P= 0 17/+/357 —2//21
0 [1/\/ﬁ 8/+/357 4//2T

4 0
. . 1
orthogonal basis gy =wi1=| 0 |, go =wy — L2 an qi=| 2 |——=
1 q1-q1 1 17

[
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20 —2 4
By the way. Multiplying out A= PDP”, we can find that A—;l[ -2 17 8 } as in Example 55.
4 8 5

1 —1
Example 118. Let A be the matrix for orthogonally projecting onto W =span [ 1 ],[ 0 ]

(a) Diagonalize A (without first computing A) as A= PD PT.
(b) Is A invertible, orthogonal, symmetric?

Solution.

(2a) The eigenvalues of A are 1,1,0. The 1-eigenspace of A is W (2-dimensional), and the 0-eigenspace is
W+ (1-dimensional). Note that we are lucky and already have an orthogonal basis for 1. On the other

1
hand, Wl:null({ _11 (1) i D has basis { —12 ]
[1/v3 —1/vZ 1/V5 |
and, after normalizing columns, P:[ 1//3 0 —2//6 J

1
We therefore choose D = { 1
1/v3 1/v/2  1/6

0

(b) A is not invertible (because O is an eigenvalue) and therefore also cannot be orthogonal. Like any projection
matrix, A is symmetric.

1 -2 1
By the way. Multiplying out A= PDP™, we can find that A:é{ -2 4 -2 }
1 -2 1

(reflections) Suppose that M is the matrix for reflecting through the plane W in 3-space.
e The l-eigenspace of M is V. (dimension 2)
e The —1l-eigenspace of M is W+. (dimension 1)

In particular, M is symmetric.

Why? By definition, the 1-eigenspace of M consists of those vectors that get reflected to themselves. But those
are precisely the vectors in the plane W (only vectors on the plane are unchanged by the reflection). On the
other hand, the —1-eigenspace consists of those vectors v that get reflected to —v (the exact opposite direction).
These are precisely the vectors orthogonal to the plane.

As in the case of projection matrices, because the eigenvalues are real and the eigenspaces are orthogonal, the
reflection matrices are symmetric.

Comment. In this context, the line W= is often called the normal line of the plane W.

1 —1
Example 119. Let A be the matrix for reflecting through the plane W =span [ 1 1,[ 0 ]

(a) Diagonalize A (without first computing A) as A= PD PT.

(b) Is A invertible, orthogonal, symmetric?
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Solution.

(a) The eigenvalues of A are 1,1, —1. The 1-eigenspace of A is W, and the —1-eigenspace is w-.

In order to achieve a diagonalization PD PT we need to choose P to be orthogonal (which we can do
here because the eigenspaces are orthogonal).

1
As in the previous example, W+ = span{{ -2 }}
1 ! [1/v3 —1/v2 1/V8
We therefore choose D = 1 and, after normalizing columns, P :[ 1//3 0 —2/6 J
-1

1/v3 1/vV2  1/V6
(b) A is invertible (because 0 is not an eigenvalue).
Like any reflection matrix, A is symmetric.
Finally, note that A% = I (reflecting twice isn't doing anything), so that A~! = A. It follows that A is
orthogonal, because A1 =A4 = AT,

2 2 -1
By the way. Multiplying out A= PDP7T, we can find that A:;{ 2 -1 2 }
-1 2 2
Comment. Similarly, a n X n matrix corresponds to a reflection (through a hyperplane) if and only if it has a
(n — 1)-dimensional 1-eigenspace and a 1-dimensional —1-eigenspace and these two spaces are orthogonal.

An alternative way of computing reflection matrices. Realize that, if n is the vector orthogonal to the plane
(i.e. m is the normal vector of the plane), then reflecting v means sending it to v — 2(projection of v onto n).

1
We already observed that n = { -2 }
1

Hence, the reflection of v is v — 2(projection of v onto n) =v —2n

n.-'v :v_2nnTv i(I—anT)’U.

n-n nTn nn

. . . nnT 1 2| 1o =21 1 2 2 -1
Accordingly, the reflection matrix is A=1 —2—7— = 1 —= -2 4 —2|== 2 -1 2|
non 1 6l 1 —2 1 -1 2 2

Comment. In other words, we got A from subtracting 2 times the projection matrix onto n from [.
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Notes for Lecture 23 Fri, 3/20/2026

Application: Linear differential equations

Example 120. (warmup) Solve the differential equation (DE) y'=2.

Solution. From calculus, we know that the solutions are of the form y(t) =2t + C.

Comment. To get a unique solution, we need to specify additional information, like an initial condition.

Example 121. (warmup) Solve the initial value problem (IVP) y'=2, y(0)=1.
Solution. This has the unique solution y(t) =2t + 1.

Example 122. Which functions y(t) satisfy the differential equation y' = y?
Solution. y(t) =e® and, more generally, y(t) = Cet. (And nothing else.)

(exponential function) e’ is the unique solution to v/ =y, y(0) = 1.

From here, it follows that et =1 +t+;—2!+g—:;+

The latter is the Taylor series for e! at t =0 that we have seen in Calculus Il.

Important note. We can actually construct this infinite sum directly from y’ =1y and y(0) = 1.

Indeed, observe how each term, when differentiated, produces the term before it. For instance, %%:g.
Example 123. Show that the differential equation y’ =3y is solved by y(t) = Ce*.

Solution. Indeed, if y(t) = Ce3!, then y/(t) =3Ce3t =3 y(t).

Comment. It is important to realize that we can always easily check whether a function solves a differential
equation. This means that (although you might be unfamiliar with the techniques for solving) you can use
computer algebra systems like Sage to solve differential equations without trust issues.

Example 124. Solve the differential equation y’ = ay with initial condition y(0) = yj.
Solution. As in the previous example, the general solution to v’ = ay is y(t) = Ce?’.
Since y(0) = Ce® = C = gy, we conclude that the unique solution to the IVP is y(t) = e*yq.

Comment. It looks silly to write e%!yq instead of ype®! here, but we will soon replace the number a with a
matrix A, and in that case only eAtyo makes sense.

Example 125. Our goal is to solve (systems of) differential equations like:

vi = 2w y1(0) = 1
ya = —y1 +3y2  +y3 y2(0) = 0
vy = —y1 +y2 +3ys3 y3(0) = 2

In matrix form, this becomes

y'=|-131 |y, y(0) =
3

N O =

The key idea will be to solve y’ = Ay by introducing eAl,

Theorem 126. The solution to 3y’ = Ay, y(0) =y is y(t) = eAtyo. ‘
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Recall from Example 124 that the solution to y’ = ay, y(0) = yo is y(t) = e%’yq. Here, however, At is a matrix
and so we need to make sense of the matrix exponential. Next time, we will define e by the familiar Taylor
series for e”.

Definition 127. Let A be n x n. The matrix exponential is
A=l p A+ 2y Iy
N 2! 3!

Why? As a consequence of this definition (which is the motivation for that definition in the first place),

d oa _d 122 sz,
@t g TAtTgATT g AT

:O+A+A2t+%A3t2+---:AeAt.

Therefore, y(t) = ey indeed solves the initial value problem y’ = Ay, y(0) = yo.

How to actually compute eA? Well, this Taylor series involves the powers A™ of A. How would you compute,
say, A199? The answer is diagonalization!

Theorem 128. Suppose A=PDP~' Then, e =PePP~ 1,

Why? Recall that, if A=PDP~!, then A*=PD"P~1,

1 1
A A 42 43
e =1 2! 3!
=I+PDP! +—21'PD2P—1 +—31'PD3P—1 4o

—P(I+D+%D2+%D3+...>p—1_peDP—1
Comment. By the same argument, if A=PDP~!, then f(A)=Pf(D)P~" for every “nice’ function f.

Here, “nice’ means that f has a convergent Taylor series f(z)= Zn>0anm”.
=

More explicitly, if A= P diag(\1,..., \p) P~ 1, then f(A) = Pdiag(f(\1),..., f(An)) P~L

0 5100

Example 129. If A= 0|, then A100:[2100 0 }

Example 130. IfA:[g g},then eA:[(l) H—F[(Q) g]—f—%[f 502}—#---:{62 0 ]

Clearly, this works to obtain e for every diagonal matrix D.

In particular, for At:{QOt 50t } eAt:[é H—i—[ 20t é”—i—%[ (25)2 (52)2}4"”:[ o o }
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Notes for Lecture 24 Mon, 3/23/2026

Review.

e The solution to 4y’ = Ay, y(0) = yo is y(t) = e*yo.
Why? Because y’(t) = Ae?tyg = Ay(t) and y(0) =e%4yo = yo.

e If we have the diagonalization A =PD P!, then e = PePP~! (and e/t = PePtP~1).

o h‘A:{2 0},then eA:[%z 0 ]and eAt:{ezt 0 ]

05 65 0 e5f,

Comment. We only discuss linear differential equations (DEs). Non-linear DEs include y’ = y? + 1 or the
second-order equation y’’ =sin(ty’) + y. The order of a DE indicates the highest occuring derivative.

We will see here how to solve those linear DEs which have constant coefficients (for instance, y”/ =sin(t)y’ +y
is linear but the coefficients include sin(t) which is not constant). That is, the coefficients of y are constants,
as opposed to functions (like sin(t)) depending on t.

Example 131. Solve the initial value problem

2 00

1
y'=| -13 1|y, y(0)=| 2
~113 1

Solution. Recall that the solution to y’ = Ay, y(0) = yo is y = e typ.
e First, we diagonalize:

2 00 110 2
For A=| -1 31|, A=PDP 'withP=|1 0 1 |and D= 2 . (That's homework!)
-11 3 01 4

=

e We can then compute the solution y(t) = e?tyq:

y(t)=eAtyy = PePtP—ly,

1107 e* 110771
=101 et 101 2
|01 1 | et L0 11 1
(11 07| e [ 1
=101 et 0
|01 1 | et |1
(1ol | [ e
=101 0 |=]| e2t4ett
i 011 ] it J \‘ it J
11 0]t
Comment. It is not necessary to compute | 1 0 1 (of course, you could do it, but that's more work).
011
- 110 1 1
Instead, recall that A~1b is the unique solution to Az =b. Here, solving [ 101 ]az—{ 2 ] we find az—{ 0 ]
011 1 1

2t

e
Check. y :[ et 4 elt J indeed solves the original problem:

64/'

2e2t 2 00 e2t 1 1
y/ — 2621‘, + 4e4t = —1 3 1 €2t + 641‘, , y(o) =| 1+1 = 2
\‘ 4e4t J -1 1 3 \‘ edt J 1 1
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Example 132. Solve the initial value problem y':[ _01 _12 }y. y(0) :[ g }

Solution.

e A= [ _01 _12 } has characteristic polynomial —A(1 —A) —2=(A+1)(A —2).
Hence, the eigenvalues of A are —1, 2.

The —1-eigenspace null({ _11 _22 D has basis [ f }
The 2-eigenspace null({ :i :f D has basis [ *11 }

Hence, A= PD P~ with P:[f = } and D:[ - }

e Finally, we compute the solution y(t) = e“’yo:
y(t) = PeP'P~lyo

_[2 -1l et 11 13 ]_| 24
Tl 1 e2t 3] =1 2 || 0| | e t—e2t

)—I
20t —e2t
e—t o2t

[ ]

Check. Since it is simple to check, it would be almost criminal to not verify that y(0) = [ 2+1 } :{ g }

| Higher-order differential equations |

Example 133. Write the (second-order) differential equation y”" =2y’ + y as a system of (first-
order) differential equations.

Solution. Write y; =y and y2 = y’. Then y” =2y’ + y becomes y5 = 2y2 + 1.

Y1 =12

Therefore, y'’ =2y’ 4+ vy translates into the first-order system .
vy Y y2=y1+2y2

In matrix form, this is y’:[ (1) ; }y.

Comment. Hence, we care about systems of differential equations, even if we work with just one function.

Note. The “trick” of looking at the pair [ ;’, } instead of a single function is what we used to translate the
Fibonacci recurrence into a 2 X 2 system.

Alternatively. Instead of looking at the pair y :[ 5, } we could also consider the pair y :[ 3;/ } In the latter

21

case, the system becomes y’:[ 1o

}y. Either choice is fine and it makes no difference for the computations.

Example 134. Write the (third-order) differential equation y”/ = 3y” — 2y’ + y as a system of
(first-order) differential equations.

11

Solution. Write y1 =y, y2=1v’ and y3=1v".

/
Y1 =192
Then, vy =3y’ — 2y’ + y translates into the first-order system <{ y5 = y3 .
0 1 0 y3=y1—2y2+ 3y3
In matrix form, thisis y’=| 0 o 1 |y
1 -2 3
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Notes for Lecture 25 Wed, 3/25/2026

Example 135. Consider the following system of (second-order) initial value problems:

1 / /
Y1 =2y1 —3y2+ 7y2 / /
0)=2, 41(0)=3, y2(0)=—1, y4(0)=1
ML) =2 40 =3, 1a(0)= -1, 50)
Write it as a first-order initial value problem in the form y’'= Ay, y(0) = yo.

Solution. Introduce y3 =y} and y4 = y5. Then, the given system translates into

0 2 ]
13Jy, y<o>—{ o J
1 1

Mt _ L] et4+9e2t 3et —3e?
10| 3et —3e2t 9ef 4 e?t |

1
0
2
4

|
R
\
H o
o~woo

Example 136. Suppose that e

(a) Without doing any computations, determine M ™.
(b) What is M?
(c) Without doing any computations, determine the eigenvalues and eigenvectors of M.

Solution.

(a) Recall that et = PePtP~1 while M™ = PD"™P~!, provided that M = PDP~!. The fact the formula
for eM? features e and e2!, means that the eigenvalues of M must be 1 and 2. Hence,

— 1 Dt _ et n__ 1
D|: 2:|a € |: 62t:|7 D [ 2nj|

Therefore, we just need to replace e? by 17 =1 as well as e?? by 2™ to get:

L [ 1+9-27 33.2”}

~710/ 3-3.-27 942

1[149.2 3-3.2 1[ 19 -3
10

. . .. o 1_ o
(b) In particular, we see that the underlying matrix is M =M~ = 10[ 35.3.2 o949 o
[Alternatively, we can find M by computing %eMt = MeM? and then setting t = 0.]

(c) The eigenvalues are 1 and 2.

Mt

Looking at the coefficients of e’ in the first column of e? we can see that [ :1,) } is a 1-eigenvector.

[We can also look the second column of eM?, to obtain which is a multiple and thus equivalent.]

3
9
9

Likewise, we find that [ 3 } or, equivalently, [ 713 } is a 2-eigenvector.
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| The Jordan normal form

Note that we currently only know how to compute e”* when A is diagonalizable. Our next goal
is to see how one can compute the matrix exponential for all matrices.

Example 137. Diagonalize, if possible, the matrix A = [ 4 le }

Solution. The eigenvalues of A are 4, 4.
However, the 4-eigenspace null({ 0 (1) D is only 1-dimensional.

Hence, A is not diagonalizable.

[x o ]

Definition 138. A A\-Jordan block is a matrix of the form { A ) |
A

Note that if this matrix is m X m, then its only eigenvalue is A (repeated m times).
As in the previous example, the A-eigenspace is 1-dimensional (which is as small as possible).

Theorem 139. (Jordan normal form) Every n x n matrix A can be written as A=PJP ™1,
where J is a block diagonal matrix
- 1
J:

J= 2
Jy

with each J; a Jordan block. J is called the Jordan normal form of A.

Up to the ordering of the Jordan blocks, the Jordan normal form of A is unique.

Comment. If A is diagonalizable, then J is just a usual diagonal matrix.
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Notes for Lecture 26 Fri, 3/27/2026

Review. Jordan normal form

Example 140. What are the possible Jordan normal forms of a 3 x 3 matrix with eigenvalues 4,
4,47

4 4 4 1
Solution. 4 , 4 1 |, 41
4 4 4

The dimension of the 4-eigenspace equals the number of Jordan blocks: 3, 2, 1, respectively.

4 1 4
Comment. Note that, say, [ 4 ] is equivalent to { 41 } because the ordering of the diagonal blocks
4 4

does not matter (as you know from diagonalization).

Example 141.
(a) What are the possible Jordan normal forms of a 3 x 3 matrix with eigenvalues 3, 3, 37
(b) What are the possible Jordan normal forms of a 4 x 4 matrix with eigenvalues 3, 3, 3, 37
(c) What if the matrix is 5 x 5 and has eigenvalues 4,4, 3, 3, 37

Solution.

s b e

The dimension of the 3-eigenspace equals the number of Jordan blocks: 3, 2, 1, respectively.

31 3
Comment. Note that, say, [ 3 ] is equivalent to { 31 ] because the ordering of the diagonal
3 3

blocks does not matter (as you known from diagonalization).

(b) Now, there are 5 possibilities:
3 3 31 3 31
T e N R
3 J[ 31J'{ 31J'{ 31J'[ 31J
3 3 3 3 3
The dimension of the 3-eigenspace equals the number of Jordan blocks: 4, 3, 2, 2, 1, respectively.

K K Ty 1[%ar 152,

Note that this is just all possible (namely, 3) Jordan normal forms of a 3 X 3 matrix with eigenvalues 3,
3,3 combined with all possible (namely, 2) Jordan normal forms of a 2 X 2 matrix with eigenvalues 4, 4.
In total, that makes 3 -2 =6 possibilities.

Comment. Let p(n) be the number of inequivalent Jordan normal forms of an n X n matrix with a single
eigenvalue, n times repeated. We have seen that p(2) = 2, p(3) = 3, p(4) = 5. Note that p(n) is equal
to the number of ways of writing n as an ordered sum of positive integers: for instance, p(4) = 5 because
4=34+1=2+2=2+1+1=1+1+1+1.

p(n) is referred to as the partition function and, surprisingly, is a remarkably interesting mathematical object.

https://en.wikipedia.org/wiki/Partition_function_(number_theory)
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Example 142. (summary of small cases)

(a) There are 2 possible Jordan normal forms of a 2 x 2 matrix with eigenvalues A, \.
Namely. [A )\},{A i}

(b) There are 3 possible Jordan normal forms of a 3 x 3 matrix with eigenvalues A\, A, \.
[ X by Al
Namely. by ], { A1 ], [ A1 ]
I A A A

(c) There are 5 possible Jordan normal forms of a 4 x 4 matrix with eigenvalues A\, A, \, .

A A Al A A
A A A Al

A ! A1 A1 Al

A A A A

1
A

1
Namely. ' N

1
A

Example 143. What are the possible Jordan normal forms of a 6 x 6 matrix with eigenvalues 3,

3,7,7,7,77
) ) Y ? N
Solution. There are 2 -5 =10 possible Jordan normal forms for such a matrix:
[ 3 1713 1703 I 1713
3 3 3 3 3
7 71 71 71 71
7 ' 7 ' 7 ' 71 1
7 7 71 7 71
7] L 7] L 710 7] L 7 ]
31 IR T3 1 31 31
3 3 3 3 3
7 71 71 71 71
7 7 7 71 71
7 7 71 7 71
7 7 7 ] 7 7

Example 144. How many different Jordan normal forms are there in the following cases?
(a) A 8 x 8 matrix with eigenvalues 1,1,2,2,2,4,4,47
(b) A 11 x 11 matrix with eigenvalues 1,1,1,2,2,2,2,4,4,4,47
Solution.
(a) 2-3-3=18 possible Jordan normal forms

(b) 3:-5-5="75 possible Jordan normal forms

\ The matrix exponential of matrices that are not diagonalizable

Review.
e Let A be n xn. The matrix exponential is
eA:I+A+%A2+$A3+W
Then, %em = AeAt, . '
Why? At :%(I—&— At + g A%2 4 S A3 ) = At A%+ AP 4= At
e If A=PDP™! then et =PePP~ 1.

e The solution to 4y’ = Ay, y(0) =y is y(t) = e*yy.
Why? Because y’(t) = AeAtyo= Ay(t) and y(0) =e"“yo = yo.
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Example 145. The matrix exponential shares many other properties of the usual exponential:

o cleB=eAtB_cBeAif AB=BA

Why the condition A B = B A? By the Taylor series, eAt5 =T+ (A+ B) + (A—g—,B)Q + ... In order
to simplify that to '

2 2
eAeB—(I+A+%+...)(I+B+%+---),

we need that (A + B)2= A%+ AB+ BA+ B? is the same as A2 +2A B + B2, That's only the case
if AB=BA.

e cisinvertible and (e4) "1 =e"4

Why? That actually follows from the previous property.

Example 146. Compute e’ for A= { 0 (1) }

o

Solution. Note that A2:{ 8 0 } Hence, eAt:I+At+t—2A2+...:I+At—[ Lt }

010
Example 147. Compute e“** for A:[ 01 ]
0
0
0

00 1 0 0
Solution. Note that A2 = 0 0 |and A= o |
0 0

: : 1 0t o 00 ¢t 1 2
Hence, eAt =1+ At + L A2 1 BA3 1 =11+ A+ Laz2=| + ot l+3 oo :[ 13 ]
21 3! 2 L o2 0 [ ! J
Example 148. Compute et for A = [ 2 ; }
Solution.
o Write A=|? [ [=27+ N with N=| | ]|. Note that 27 and N commute.
Hence. eAt — o2It+Nt _ 21t Nt
e Note that NQZ[ 8 8 } Hence, eNt:I+Nt+§N2+...:I+Nt:[ 1 i }
e Combined eAt:eQIt"'Nt:eQ”eNt:{ e ][ Lt }:{ et ter ]
1 e2f, 1 EQt "
Advanced. Can you show that, similarly, A":{ 2" ”22';71 }?
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Example 149. Solve the differential equation

y’z{ ’ ;]y y(O)Z{ _11}

 —|

A Yo

Solution. Repeating the work in the previous example, the solution to the differential equation is

y(t) = e*yo
= 2t Ny, with N—[ 8 (1) }
= e2lteNty, (because 21t and Nt commute)
_ | [+ Nt+2ve?+ L veys
= o2t + t—l—§( t) +§( t)°+... Jyo
— e2t 3

= or |(I+ Nt)yo (because N2 =0)

|7 e

_ | e Qt_[tll ]_[ (t;t)e%].

Check. We should verify that y; = (t — 1)e?" and yo = e?? satisfy y{ = 2y1 + y2 and y5 = 2ys.

Indeed, y1 = et + (t — 1)2e?! equals 2y1 + yo = 2(t — 1)e?! + 2L,

Comment. For applications, having solutions like te or t cos(At) (when the eigenvalues are imaginary) is
connected to the phenomenon of resonance, which you may have already seen.

Important comment. Note that we can immediately see from the solution that the original matrix A is not
diagonalizable: there is a term te??, whereas in the diagonalizable case we would only see exponentials like e2*
by themselves.

In our upcoming discussion of complex numbers we will see that e2** (here, 27 would be the eigenvalue) can be
rewritten in terms of cos(2t) and sin(2t). Both of these are periodic and bounded, so that the same is true for
every linear combination.

In that case, if the eigenvalue 27 was repeated in such a way that the matrix A is not diagonalizable, then we would
get the functions t cos(2t) and t sin(2t) in our solutions. These, however, are not bounded! This phenomenon
(getting solutions that are unbounded under the right/wrong circumstances) is called resonance.
https://en.wikipedia.org/wiki/Resonance

Understanding when resonance occurs is of crucial importance for practical applications.
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Notes for Lecture 27 Mon, 3/30/2026

Review. Jordan normal form

‘ Rotation matrices

Example 150. Write down a 2 x 2 matrix () for rotation by angle € in the plane.

Comment. Why should we even be able to represent something like rotation by a matrix? Meaning that Qx
should be the vector @ rotated by 6. Recall from Linear Algebra | that every linear map can be represented by
a matrix. Then think about why rotation is a linear map.

Solution. We can determine Q by figuring out Q[ (1) } (the first column of @) and Q[ (1] } (the second column

of Q).
Since Q[ é } :{ cosf } and Q[ (1) } :{ —sinf }, we conclude that Q:[

sin6 cosf

cosf) —sind
sin@ cosf |

Comment. Note that we don't need previous knowledge of cos and sin. We could have introduced these trig
functions on the spot.

Comment. Note that it is geometrically obvious that Q is orthogonal. (Why?)

2 2
It is clear that ‘ [ cos 0 m =1. Noting that H[ cos 0 m = cos26 + sin6, we have rediscovered Pythagoras.

sin 6 sin 6

Advanced comment. Actually, every orthogonal 2 x 2 matrix @ with det(Q) =1 is a rotation by some angle
0. Orthogonal matrices with det(Q) = —1 are reflections.

Example 151. As in the previous example, let (Qy be the 2 x 2 matrix for rotation by angle 6 in
the plane. What is Q37
Solution. Note that Q.,Q gz first rotates = by angle 3 and then by angle a. For geometric reasons, it is obvious
that this is the same as if we rotated @ by o+ 3. It follows that Q.Qs= Qu+ -

Comment. This allows us to derive interesting trig identities:

| cosax —sina cosf3 —sinf | | cosacosf —sinasinf ...
QaQp = [ sina  cosa M sin8 cosf }_[
0 _ [ cos(a+ B) —sin(a+ B) ]
ath sin(a+ 3) cos(a+ B)

It follows that cos(a + ) = cosacosf — sinasing.

2 2

Comment. If we set 3= q, this simplifies to cos(2a) = cos®a — sin“a = 2cos?a — 1, the double angle formula

that you have probably used countless times in Calculus.

Comment. Similarly, we find an identity for sin(a+ 3). Spell it out!

 More on complex numbers

Let’s recall some very basic facts about complex numbers:
e Every complex number can be written as z = + iy with real =, y.

e Here, the imaginary unit i is characterized by solving 22 = —1.

Important observation. The same equation is solved by —¢. This means that, algebraically, we cannot
distinguish between +% and —1.

e The conjugate of z=z+iyis Z=x —iy.
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Important comment. Since we cannot algebraically distinguish between 47, we also cannot distinguish
between z and z. That's the reason why, in problems involving only real numbers, if a complex number
z=u1x + 1y shows up, then its conjugate Z =x — ¢y has to show up in the same manner. With that in
mind, have another look at Example 89.

e The absolute value of the complex number z =z +iy is |2| = /22 + y? = /Zz.

e The norm of the complex vector z:[ o } is || z]| = /|21 + | 22|

Note that ||z||? = 2121 + 2220 = 27 2.

Definition 152.
e For every matrix A, its conjugate transpose is A* = (A)7T.

e The dot product (inner product) of complex vectors is v - w = v*w.

e A complex n x n matrix A is unitary if A*A=1.

Comment. A* is also written A (or AT in quantum mechanics) and called the Hermitian conjugate.

Comment. For real matrices and vectors, the conjugate transpose is just the ordinary transpose. In particular,
the dot product is the same.

Comment. Unitary matrices are the complex version of orthogonal matrices. (A real matrix if unitary if and only
if it is orthogonal.)

Example 153. Determine A* if A:[ 34321‘ 1Zfi ]

lution. * 2 3 — 27
Solution. A 1is

Example 154. What is L7

2+3¢°
. 1 2-3i 2-3i
Solution. & & =Gise—s)— 1
In general, - =% =~
g Yz zz |z]?
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Notes for Lecture 28 Wed, 4/1/2026

Review. Complex numbers

Example 155. (April Fools’ Day!) Foul play with complex numbers:

1=yI=y/(—D)(~1) =/—Iy/~I=ii=—1.
When using the principal square-root (which basically takes the positive root, that is, the one with positive real
part), the rule v/ab = \/a /b does not hold universally (so the trouble lies with the third equality). It does

hold if, for instance, a > 0 or b > 0. Apparently, this trouble historically resulted in controversy around complex
numbers, with some mathematicians rejecting them outright.

Example 156. (April Fools’ Day!) What is the norm of the vector [ ! }? Could it be zero?!

Solution. H[ ! m = P+ P=vVETr =2

‘ =+/a?+ b? (which works fine only when a and b are real numbers), then

we would (incorrectly) get that the vector has norm 0.

Comment. If we carelessly use H[ ‘; }

Example 157. What is the norm of the vector [ 24;32 }?

Solution. m 244:851'}

‘: =P+ 243817 = /(@2 + (-1 + (22 +3%) = V30

Example 158. True or false? Every n x n matrix A always has an eigenvector v.

Solution. True! Every n X n matrix always has exactly n eigenvalues (if we allow complex eigenvalues and count
with repetition).

If X is one of those eigenvalues, then the dimension of the A-eigenspace is at least 1 (because det(A — A1) =0
so that Av = A\v has nonzero solutions v).

Example 159. (April Fools’ Day!) Let A be an n x n matrix. By the previous example, we can
find an eigenvector v and an eigenvalue \ such that Av = \v.
Let us rewrite that as Av = Alv where [ is the n x n identity matrix. Does it follow that A=\I7

Solution. No, that is (of course) not a valid conclusion. One cannot cancel a vector v in this way.

Recall, more generally for matrices, that in order to conclude from AB = CB that A = C we need extra
information on B such as B being invertible.
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Notes for Lecture 29 Fri, 4/3/2026

Example 160. (extra) We can identify complex numbers x + iy with vectors [ ‘; } in R%. Then,
what is the geometric effect of multiplying with 27
Solution. Algebraically, the effect of multiplying = + iy with i obviously is i(x +iy) = —y + ix.

Since multiplication with 7 is obviously linear, we can represent it using a 2 X 2 matrix J acting on vectors [ Z }

17 _To .. . S 0l _[ -1 .. . L.
J[O}—[l}(thls is the same as saying i-1=1) and J{l]—{ 0 }(thls is the same as saying i-i=—1).

Hence, J:[ ? :)1 } This is precisely the rotation matrix for a rotation by 90°.
In other words, multiplication with 7 has the geometric effect of rotating complex numbers by 90°.

Comment. The relation i2= —1 translates to J2=—1I.

Complex numbers as 2 X 2 matrices. In light of the above, we can express complex numbers x + 7y as the

2x2matrixxl+yJ= [ i ;y } Adding and multiplying these matrices behaves exactly the same way as adding

or multiplying the complex numbers directly.

For instance, (2+ 3i)(4 —4) =8 + 10i — 3i? = 11 + 10i versus [ 23 M 41 }l } [ 710 }
Likewise for inverses: Qjm. = (2+§5(31 3 2 17331' versus [ 2 _23 } 113{ _3 g }

Function spaces

Recall the following:
e We call objects vectors if they can be added and scaled (subject to the usual laws).

e A set of vectors is a vector space if it is closed under addition and scaling.

In other words, vector spaces are spans.

We will now discuss spaces of vectors, where the vectors are functions.

Why? Just one example why it is super useful to apply our linear algebra machinery to functions: we discussed
the distance between vectors and how to find vectors closest to interesting subspaces (i.e. orthogonal projections).
These notions are important for functions, too. For instance, given a (complicated) function, we want to find
the closest function in a subspace of (simple) functions. In other words, we want to approximate functions using
other (typically, simpler) functions.

Comment. Functions f(x) and g(z) can also be multiplied. This is an extra structure (it makes appropriate
sets of functions an algebra, which is something more special than a vector space), which we ignore during our
discussion of vector spaces.

| An inner product on function spaces

On the space of, say, (piecewise) continuous functions f: [a, b] — RR, it is natural to consider

the dot product
b
(f.g)= / F(B)g(t)dt
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Why? A (sensible) dot product provides a (sensible) notion of distance between functions. The dot product
above is the continuous analog of the usual dot product (x,y) = Z?:1 xzy¢ for vectors in R™. Do you see it?!

As a consequence, once we have the dot product, we can orthogonally project functions onto spaces of simple
functions. In other words, we can compute best approximations of functions by simple functions (for instance,
best quadratic approximations).

Why continuous? We need that any product f(z)g(z) is integrable. That means we cannot work with all
functions. Continuity is certainly sufficient. In fact, the right condition is that f(x)? should be integrable on
[a,b] (i.e. f(z) is square-integrable). Such a function is said to be in £%[a, b].

Example 161. Find the best approximation (in the L? sense) of f(x)=./x on the interval [0, 1]
using a function of the form y=ax.

Solution. The orthogonal projection of f:[0,1] — IR onto span{x } is

1.2

1 1
<f,l'>x:fo f(t)tdtx—:ax/ltf(t)dt. —
0

(z, ) Jot2dt

In our case, the best approximation is

3/1\[(1 3/13/2d 3 |: 1 r/z]l 6
z [ t/tdt=3x [ ¢ t=3x| —=t° =_z. 02
0 0 5/2 0 5

What does “in the L2 sense” mean? There are various ways to make precise what “best approximation” should
mean. Here, we mean that the norm of the error gets minimized: since the error is error(t) = V't — at, this means
that

error 2= error, error) =
[[error]| .

1 1
error(t)2dt :/ (vt —at)?dt
0

is minimized over all choices for a (note that it does not make a difference whether we are minimizing the norm or
the square of the norm). Since the above norm is known as the L? norm, we are finding the best approximation
“in the L? sense’. For instance, an alternative meaningful norm is the L°° norm, for which ||error|| simply
measures the maximum absolute value of the error (this may sound simpler but there is no corresponding notion
of orthogonality so that we cannot apply tools like orthogonal projections).

For comparison. Let's minimize r(a) := ||error||? directly! First, we compute that
' 2 ' 3/2 4242 Lo Aos2 1ap] 1 4 1,
r(a):/ (vt —at) dt:/ (t —2at3/? + a2t2)dt = | =t2 — Zat®/? + a3 | == —Za+ a2
0 0 2 5 3 o 2 b 3
We now minimize 7(a) over all choices of a using what we learned in Calculus I: if the minimum occurs at a,
then we necessarily have r/(a) =0. We compute that r’(a) = —%Jr %a. Solving —%Jr %a:(), we find a :g as

the only candidate. Which matches exactly what we have found above!

Clearly, this approach becomes more challenging if our approximations have more than one degree of freedom.
However, our linear algebra approach continues to work fine, as we will see in the next example.
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Notes for Lecture 30 Mon, 4/6/2026

Example 162. Find the best approximation of f(z)=./z (in the L* sense) on the interval [0, 1]
using a function of the form y=a+ bx.

Important observation. The orthogonal projection of f:[0,1] — IR onto span{1,x} is not simply the projection
onto 1 plus the projection onto x. That's because 1 and = are not orthogonal:

1
(1,30):/0tdt:%5£0.

Solution. To find an orthogonal basis for span{1, x }, following Gram—Schmidt, we compute

v projection of | _ v (z, 1)
z onto 1

Hence, 1,2 —% is an orthogonal basis for span{1,z}.

The orthogonal projection of y/x on [0, 1] onto span{l,z} = Span{l, x— %} therefore is

WE 1) <ﬁ’$—5>><x_1) _ féﬁdqfoﬁ(t")dt(x_l).

(1,1) +<x_%7x_% 2 [Tat I (t__) dt 2

We compute the three new integrals:
1 1
2.3/2 2

/\/_ [3 ]o 3
! d Yspe 1,10 52 lapl' 2 11

i ' ~t =L _ -
/(ﬁ/f(t )t /o<t 2 ) [ 3 L 53 15
1 2 1 1

1 1y 1, L] 1 1,1 1
L(eg)a = [(#merg)u=[ze-ge ) =5-5+i=0

Using these values, the best approximation is

2

1 1
JovEar  Jy x/f(t—g)dt 1 2 12 1\_4 4
T T v \BT2) T3t \tT2)T T
The plot below (where we also included the previous example) confirms how good this linear approximation is:

A
1.2

0.8

| 1]
N

wis vio

0.6 1
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Notes for Lecture 31 Wed, 4/8/2026

Example 163. What is the orthogonal projection of f: [a, b] — R onto the space of constant
functions (that is, span{1})?

Solution. The orthogonal projection of f:[a,b] — R onto span{1} is

(f,1) _fff(t)ldt_ 1 [P
OO P =5oaf, T

This is the average of f(x) on [a,b].
Comment. Makes perfect sense, doesn't it? Intuitively, the best approximation of a function by a constant
should indeed be the one where the constant is the average.

| Orthogonal polynomials |

Example 164. Compute an orthogonal basis for the subspace span{1, z, 22 23} (polynomials of
degree at most 3) of functions on [0, 1].

Solution. Our inner product is (p1, p2) = folpl(t)pg(t)dt. To find an orthogonal basis, we use Gram—Schmidt:

qaq =1
<m7q1> <1’,1> 1
e _—_— e — ]_: JR—
R TR R (TS VR
2 _1>
g3 = :rz—<x2’q1>q1—<x2’q2>q2:x2—<x2’1>1— <9§' & 2 <x_1>
(q1, q1) (g2, q2) (1,1) Lt a1 2
2 2
1 1
23 12 1 2 1
=z _Tl_T T—5 =2 —ZE—FE
12
3 3 3
_ 3_<$7q1> _<~T,q2> _<xaQ3> _ _ 3_%2 é _i
= (qna) ™ (g a2) <Q37Q3>q347iiigim 2" 75" T

1 3 3 1 . .
x2—x+ o 3 — §ac2 + =T =55 form an orthogonal basis for the space of polynomials

The polynomials 1, x —%,
of degree at most 3.

Comment. Of course, we could keep going by next including z#, 25, ... Up to scaling, the resulting polynomials
are known as the shifted Legendre polynomials and they are an example of a family of orthogonal polynomials.
They are important, for instance, in approximating more complicated functions using polynomials (see the
previous example, for instance).

Homework. Fill in the details of the computation for g4 (maybe using Sage for support). For instance, here is

how to compute f&tQ(t — %)dt using Sage:

>>> t = var(’t?)
>>> integral (t~2x(t-1/2), t, 0, 1)

1

12
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In the literature, the interval [0, 1] is often replaced with the interval [—1, 1] (because of the
symmetry). If we proceed as above, then the resulting orthogonal polynomials are known as the
Legendre polynomials. In the case of the interval [—1, 1], we consider the space of all polynomials
(with real coefficients) together with the dot product

(D1, pa) = / PP (1)

Comment. That dot product is useful if we are thinking about the polynomials as functions on [—1, 1] only.
You can, of course, consider any other interval and you will obtain a shifted version of what we get here.

Example 165. Are 1,2, 22, ... orthogonal (with respect to the inner product (1))?

1 1 2
Solution. Since (z", z®) :/ tTtsdt :/ t7tsdt, we find that (x7, %) = 7+s+1’
-1 -1 0, otherwise.

if r+ s is even,

Hence, if r + s is odd, then the monomials =" and z° are orthogonal. On the other hand, if  + s is even, then
x” and z° are not orthogonal.

Example 166. Use Gram-Schmidt to produce an orthogonal basis pg, p1, po, ... for the space of
polynomials with the dot product (1). Compute py, p1, P2, P3, Pa-

Instead of normalizing these polynomials, standardize them so that p,(1)=1.
Solution. We construct an orthogonal basis pg, p1, p2, ... from 1, 2,22, ... as follows:
e Starting with 1, we find po(z) = 1.

1
For future reference, let us note that ||pol|? :/ 1dx =2.
1

. 1
e Starting with =, Gram—Schmidt produces = — projection of =z — Mpo =z — / tdt ==x.
z onto po {(Po; Po) -1

Again, that's already standardized, so that p;(z) ==.

Comment. The previous problem already told us that x is orthogonal to 1.

1
2
For future reference, let us note that ||p1||? :/ t2dt:§.
1

e Starting with z, Gram—Schmidt produces x

1 [t z [1 1
=z’ t2dt——/ t3dt =% — .
2/,1 2/3)_4 3

Hence, standardizing, pa(x) = %(3x2 —1).

9 ( projection of 2 ) — 2 (z?, po) Do — (z2, p1) 1
onto span{po, p1} {Po, Po) (p1,p1)

Comment. The previous problem told us that z2 is orthogonal to z (but not to 1).

e Continuing, we find p3(z) = %(5:03 —3z) and pa(z) = é(35m4 — 3022 + 3).
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Comment. These famous polynomials are known as the Legendre polynomials. The Legendre polynomial p,,
is an even function if n is even, and an odd function if n is odd (can you explain why?!).

2
An explicit formula is pp,(z) =2"">"7_ (Z) (x+1)F@x -1k

For instance, pa(z) = i((:c - 12422z - 1)(z+ 1)+ (z+1)?) = %(3x2 —1).
https://en.wikipedia.org/wiki/Legendre_polynomials

Comment. Legendre polynomials are an example of orthogonal polynomials. Each choice of dot product gives
rise to a family of such orthogonal polynomials.
https://en.wikipedia.org/wiki/Orthogonal_polynomials

Comment. It is also particularly natural to consider the dot product (1), where the integral is from 0 to 1. In

that case, we obtain what's known as the shifted Legendre polynomials p,,(z) = p,(2z — 1). Compute the first
few and compare with Example 164.

Comment on other norms. Our choice of inner product

b
(fr9)= / f(®)g(t)at

for (square-integrable) functions on [a, b] gives rise to the norm || f|| = (fjf(t)th)lm. This is known as the
L?-norm (and often written as || f|2).
It is the continuous analog of the usual Euclidean norm ||v || = (v? 4+ v3 4 ...)'/? (known as ¢2-norm).

There do exist other norms to measure the magnitude of vectors, such as the £i-norm ||v||1 = |v1| + |v2| + ...
or, more generally, for p > 1, the £y-norms |[v ||, = (Jv1|P 4 |v2|P 4 ...)1/P.

Likewise, for functions, we have the LP-norms || f||, = (f;f(t)pdt)l/p.

Only in the case p = 2 do these norms come from an inner product. That's a mathematical (as opposed to
geometric) reason why we especially care about that case.

Example 167. Give a basis for the space of all polynomials.

Solution. 1,z,z2, 3, ...

Indeed, every polynomial p(z) = ag+ a1z + asx? + ... + a,x™ can be written uniquely as a sum of these basis
elements. (“can be” = span; “uniquely” = independent)

Comment. The dimension is co. But we can make a list of basis elements, which is the “smallest kind of co”
and is referred to as countably infinite. For the space of all functions, no such list can be made.

Just for fun. Let us indicate this difference in infiniteness in a slightly simpler situation: first, the natural numbers
0,1, 2, 3... are infinite but they are countable, because we can make a (infinite but complete) list starting with
a first, then a second element and so on (hence, the name “countable”). On the other hand, consider the real
numbers between 0 and 1. Clearly, there are infinitely many such numbers. The somewhat shocking fact (first
realized by Georg Cantor in 1874) is that every attempt of making a complete list of these numbers must fail
because every list will inevitably miss some numbers. Here's a brief indication of how the famous diagonal
argument goes: suppose you can make a list, say:

#1 0.111111...
#2  0.123456...

#3  0.750000...

Now, we are going to construct a new number x = 0.x1x2x3... with decimal digits =; in such a way that the
digit x; differs (by more than 1) from the ith digit of number #:i on our list. For instance, increasing digits by
2 (with 8 and 9 becoming 0 and 1) we get 0.342... in our case (for instance, x3 =2 differs from 0, the 3rd digit
of sequence #3). By construction, the number z is missing from the list.

Comment on fun. The statement “‘some infinities are bigger than others’ nicely captures our observation. It
appears in the book The Fault in Our Stars by John Green, where it is said by a cranky old author who attributes
it to Cantor. Hazel, the main character, later reflects on that statement and compares [0, 1] to [0, 2]. Can you
explain why that is actually not what Cantor meant...?
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Notes for Lecture 32 Wed, 4/15/2026

| Extra: More details on the spectral theorem |

Let us add (v, w) to our notations for the dot product: (v, w) =viw=v-w.

e In our story of orthogonality, the important player has been the dot product. However, one could argue
that the fundamental quantity is actually the norm:

(v, w) :%(Hv—l—w||2 — ||lv — wl|?). See Example 28.

e Accepting the dot product as immensely important, we see that symmetric matrices (i.e. matrices A such
that A= AT) are of interest.
For every matrix A, (Av, w) = (v, ATw).
It follows that, a matrix A is symmetric if and only if (Av,w) = (v, Aw) for all vectors v, w.

e Similarly, let Q be an orthogonal matrix (i.e. @ is a square matrix with Q7Q =I).
Then, (Qu, Qw) = (v, w).
In fact, a matrix A is orthogonal if and only if (Av, Aw) = (v, w) for all vectors v, w.

Comment. We observed in Example 150 that orthogonal matrices () correspond to rotations (det Q =1)
or reflections (det Q = —1) [or products thereof]. The equality (Qv, Qw) = (v, w) encodes the fact that
these types (and only these!) of geometric transformations preserve angles and lengths.

(spectral theorem)
A n x n matrix A is symmetric if and only if it can be decomposed as A = PD PT, where

e D is a diagonal matrix, (n xn)

The diagonal entries \; are the eigenvalues of A.

e P is orthogonal. (n xn)

The columns of P are eigenvectors of A.

Note that, in particular, A is always diagonalizable, the eigenvalues (and hence, the eigenvectors) are all real,
and, most importantly, the eigenspaces of A are orthogonal.

The “only if’ part says that, if A is symmetric, then we get a diagonalization A = PD PT. The “if’ part says
that, if A= PDPT, then A is symmetric (which follows from AT = (PDPT)T = (PT)T"DTPT = PD PT = A).

Let us prove the following important parts of the spectral theorem.
We already proved the first part in Theorem 94 using the same argument and only slightly different notation.
Theorem 168.

(a) If A is symmetric, then the eigenspaces of A are orthogonal.

(b) If Ais real and symmetric, then the eigenvalues of A are real.
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Proof.

(2a) We need to show that, if v and w are eigenvectors of A with different eigenvalues, then (v, w)=0.
Suppose that Av =A\v and Aw = pw with A # p.
Then, A(v,w) = (\v,w) = (Av, w) = (v, ATw) = (v, Aw) = (v, pw) = p{v, w).
However, since A\ # u, A(v,w) = pu(v,w) is only possible if (v, w)=0.

(b) Suppose A is a nonreal eigenvalue with nonzero eigenvector v. Then, ¥ is a A-eigenvector and, since
A £ X, we have two eigenvectors with different eigenvalues. By the first part, these two eigenvectors must
be orthogonal in the sense that ©7v = 0. But v’v = v*v = ||v||?> # 0. This shows that it is impossible
to have a nonzero eigenvector for a nonreal eigenvalue.

Alternative proof. Note that a complex number )\ is real if and only if A = \. Suppose that \ is an
eigenvalue with nonzero eigenvector v so that Av = Av. We now observe that Av*v =v*(\v) =v*Av =
v*A*v = (Av)*v = (\v)*v = Mv*v. Dividing by ||v||? = v*v (which is not zero!) we find A = \ from
which we conclude that X is real. O

Advanced comment. Note that the alternative proof of the second part shows that any Hermitian matrix A (that
is, a complex matrix A such that A* = A) has only real eigenvalues. If A is Hermitian, what can we conclude
about the eigenspaces if we follow the argument in the first part?

Let us highlight the following point we used in our proof:

‘ Let A be a real matrix. If v is a A\-eigenvector, then v is a \-eigenvector.

See, for instance, Example 89. This is just a consequence of the basic fact that we cannot algebraically distinguish
between +i and —1.

Singular value decomposition

(Singular value decomposition)

Every m x n matrix A can be decomposed as A =UXV ", where

e Y is a (rectangular) diagonal matrix with nonnegative entries, (m xn)

The diagonal entries o; are called the singular values of A.

e U is orthogonal, (m x m)

e V is orthogonal. (n x n)

Comment. If A is symmetric, then the singular value decomposition is already provided by the spectral theorem
(the diagonalization of A). Moreover, in that case, V =U.

Important observations. If A=UXV7T, then ATA=VXTx2VT.
e Note that X273 is an n x n diagonal matrix. Its entries are o7 (the squares of the entries in X).
o ATAis a symmetric matrix! (Why?!) Hence, by the spectral theorem, we are able to find V' and 7',

In other words, V is obtained from the (orthonormally chosen) eigenvectors of ATA. Likewise, the entries of
ST are the eigenvalues of ATA; their square roots are the entries of 3, the singular values.

Finally, the equation AV =UYX. allows us to determine U. How?! (Hint: Av; =o;u;)
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This results in the following recipe to determine the SVD A =UXV 7 for any matrix A.

Find an orthonormal basis of eigenvectors v; of ATA. Let \; be the eigenvalue of v;.
e V is the matrix with columns v;.
e X is the diagonal matrix with entries o; =+/\;.

e U is the matrix with columns ui:?A'vi. If needed, fill in additional columns to make U orthogonal.

Example 169. Determine the SVD of A:[ 31 f ]

Solution. ATA:{ 53 } has 8-eigenvector [ 1 } and 2-eigenvector [ L }

3 5 1
Since ATA=Vvx2yT (here, ZTZ:ZQ), we conclude that V:%{ } *11 } and Z:{ V8 o }
From Av; = o;u;, we find uq :U%Avl :%[ _21 ? }%[ i }:{ (1) }
. . 1 1 2 211 [ —-1]_TJo _ |10 : — T
Likewise, uQ—U—ZA'Ug—ﬁ{ S }ﬁ{ 1 }—{ 1 } Hence, U—{ 01 } Check that, indeed, A=UXV*I

Comment. For applications, it is common to arrange the singular values in decreasing order like we did.

1 —-1 —17.; _[-10 _| VB
Comment. If we had chosen V_ﬁ{ 1 } instead, then U—{ 0 1 } and Z—{ 2 }

As with diagonalization, there are choices! (A lot fewer choices though.) This is another perfectly fine SVD. In
fact, it's what Sage computes below.

Sage. Let's have Sage do the work for us. In Sage, the SVD is currently only implemented for
floating point numbers. (RDF is the real numbers as floating point numbers with double precision)

Sage]l A = matrix(RDF, [[2,2],[-1,111)

Sage] U,S,V = A.SVDQ)

Sage] U

[ —1.0 1.11022302463 x 1016

8.64109131471 x 1017 1.0

Sage] S

[ 2.82842712475 0.0

I 0.0 1.41421356237
Sage] V

[ —0.707106781187 —0.707106781187

| —0.707106781187  0.707106781187
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Notes for Lecture 33 Fri, 4/17/2026

Review. SVD
Example 170. Determine the SVD of A:[ ? f }

Comment. In contrast to our previous example, rank(A) = 1. It follows that A”A has eigenvalue 0, so that 0
is a singular value of A.

Solution. ATA:{ g g } has 10-eigenvector [ i } and O-eigenvector [ _11 }

We conclude that V =—| 1 =1 ] and 2 =| VIO .
V21 1 0
_ 1 _ Ll f[22]1l1]__1T4a]_ 172
= Av = \/_10{ 11 }\/5{ 1 }_ «/_20{ 2 }_ \/5{ 1 }
We cannot obtain w2 in the same way because o5 = 0. Since for every vector us, Avs = oous, we can choose

w9 as we wish, as long as the columns of U are orthonormal in the end.

w2 :L{ ;1 } (but usg :L{ 712 } works just as well)

VB VB
Hence U:L[Q 71}
' V5l1 2 |
— T Wi —1]2 -1 —| VIO _1[1 -1
In summary, A=UXV WlthU—\/g[1 ) ]Z—{ O],V—ﬁ{l 1 }

Check. Do check that, indeed, A=UXVT.

-1
1 .
0

Example 171. Determine the SVD of A:[
1

— 0 =

Solution. ATA:[ _21 _21 } has 3-eigenvector [ _1 and 1-eigenvector [ } }
. T T T 1 [ —-11 |—\/§ 0-|
Since ATA=VST5V7, we conclude that V:ﬁ{ Ll } and 2:[ 0 1 J
0 O

1 [ N Bt I O A B T
“10—11“”1%{? é}ﬁ[ }%{ _ﬂ

uQ—;Av2—§[é 3 ]LM—LM

2 10 V2L ZIE! L L

w3 is chosen so that the matrix U is orthogonal. Hence, u3 —%[ -1 ] (or u:;—i[ 1 ])
—2/\6 0 ~1/V3 ] ' '

Hence,U:[ 1/V6 1/V2 —1//3 |-
-1/v6 1/v2 1/3 J

In summary, A=UXV7 with U—{_lz//\/\/ﬁg 1/0¢§ jfﬁ}z—{? ?J,V—L[—l 1}.
0 O

-1/v6 1/v2 1/V3

How did we find u3? We already have the vectors w1 and w2, and need a vector orthogonal to both.

1 1
) ] ) -2 0 -2 0 o1 g
That is, we need to find the vector spanning span 1,1 =col 11 :null({ 0 1 1 D
-1 1 -1 1

[Without the intermediate steps, can you see why the null space consists of precisely the vectors orthogonal to
both w1 and u27?]

More generally, proceeding like this, we can always fill in “missing” vectors u; to obtain an orthonormal basis
U1, W2, ..., Wy, that we can use as the columns of U.
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Notes for Lecture 34 Mon, 4/20/2026

Example 172. Determine the SVD of A:[ (1) } }

Solution. ATA= [ 1 ; } has characteristic polynomial (1 —X)(2—A) —1=X2—3X+ 1.

3+5

The eigenvalues of ATA are A\; o= 5

3++5
2

. 3—5 .
-eigenvector { and J-elgenvector {

2 2
1+.5 2 1—5 |
It would be rather painful to continue with exact expressions, and that is not how applications typically proceed.
Numerically:

0.526 —0.851
0.851 0.526

is now actually immediately obvious that they are orthogonal. (Of course, they had to bel!)

e 2.618-eigenvector [ } and 0.382-eigenvector [ } These eigenvectors are normalized, and it

V2.618 1.618 0.526 —0.851
o = = =
Hence, > |: 1/0.382 0.618 and V 0.851 0.526
—0.851 | : 0.851 . —
[We chose instead of , so that, for the resulting V/, det V' =+1.]
0.526 —0.526
1 _ 1 11 0.526 | _| 0.851
o w=_Av= 1.618[ 01 M 0.851 }_{ 0.526 }
_ 1 _ 1 11 —0.851 | _| —0.526
u2_02Av1_0618[0 1“ 0.526 ]_[ 851 }
Hence, U =| 0851 —0.526 | (Again, notice the obvious orthogonality!)
! 0.526 0.851 !

Comment. The matrix A itself has eigenvalues 1,1, but the 1-eigenspace is only 1-dimensional. We are missing
an eigenvector, which renders A not diagonalizable.

. . . T . 3 5 1 5
Comment. If we had continued symbolically, there are some magical simplifications like %\f = %\f

going on. By the way, this is the golden ratio!

Sage. In Sage, the SVD is currently only implemented for floating point numbers (RDF is the real numbers as
floating point numbers with double precision). Here's our computation:

Sage] A = matrix(RDF, [[1,1],[0,1]1])
Sage] U,S,V = A.SVD()
Sage] U

[ 0.850650808352 —0.525731112119
| 0.525731112119  0.850650808352

Sage] S
[ 1.61803398875 0.0
| 0.0 0.61803398875
Sage] V

[ 0.525731112119 —0.850650808352
| 0.850650808352  0.525731112119
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Example 173. (continued) The matrices U and V' are rotation matrices. By what angle?

Why rotations? Recall that orthogonal matrices have determinant +1 or —1.
Since det U =41 and det V = +1, the orthogonal matrices U,V are rotations.

cosf —sin6

Solution. Being rotation matrices, each of them equals [ ] for some angle 6.

sinf  cosf

To find the angle 6y for V, we compute arccos(0.526) = 1.017. This means that 8y, =1.017 or 6y =27 — 1.017
(make a sketch of cos(6) if that's unclear!). Since sin(1.017) =0.851 (whereas sin(27 — 1.017) = —0.851), we
conclude that V' is a rotation by 6y, = 1.017 = 58.3°. Keep that angle in mind for the next example!

Likewise, U is a rotation by 0y = 0.554 = 31.7°.

Comment. The two angles add up to 90°. That's a consequence of the (atypical) fact that the matrices U and
V' have essentially the same entries.

Example 174. Explain the geometric meaning of the SVD in the previous example.

e The map  — Ax with A = {(1) 1 } sends the (orthogonal) grid spanned by {(1) } and {(1) } to the
(nonorthogonal) grid spanned by A{ (1) }:{ (1) } and A{ (1) } :{ } }

Make a sketch! The two grids are overlayed in the first plot on the next page.

e Likewise, for instance, the (orthogonal) grid spanned by %[ 1 } and %[ *11 } (the 45° degree rotated

version of the previous grid) is sent to the (again, nonorthogonal) grid spanned by ﬁ[ f } and %[ (1) }

Make a sketch! The two grids are overlayed in the second plot on the next page.

e Can we find an orthogonal grid which is sent to another orthogonal grid by A?
Solution. Yes! The SVD A=UXVT is equivalent to AV =UZX. That is, Av; = o;u,;.
In other words, the orthogonal grid spanned by v1, vs is sent to the orthogonal grid spanned by 1w,
oousz. As we observed earlier, the grid spanned by vq, vo is the 58.3° degree rotated version of the
standard grid)
While the input grid consists of little squares, the output grid consists of rectangles with sides o1, os.

Make a sketch! The two grids are overlayed in the third plot on the next page.

The following Sage code prepares the plots on the next page. Even if you have no coding background, can you
see, roughly, what is happening?

Sage] def grid_lines(vl, v2, n, args={}):
lines = Graphics()
for i in [-n..n]:
lines += line([i*v1-n*v2, i*vli+n*v2], color=’red’, **args)
lines += line([i*v2-n*vl, i*v2+n*v1], color=’blue’, **args)
return lines

Sage] def svd_rotate(angle):

A = matrix([[1,1],[0,1]1])
t = angle*2*pi/360
R = matrix([[cos(t),-sin(t)], [sin(t),cos(t)]1])

Gl = grid_lines(R*vector([1,0]), R*vector([0,1]), 2, {’linestyle’:’:’})

G2 = grid_lines(A*Rxvector([1,0]), A*R*vector([0,1]), 2, {’linestyle’:’--’3})
B = polygon([(-5,-5), (-5,5), (5,5), (5,-5)], fill=False)

0 = point((0,0), pointsize=30,color=’black’)

return B+0+G1+G2
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Grid spanned by [ (1) } and [ (1J } (dotted), and grid Grid spanned by %[ 1 } and %[ -1 } (dotted), and

1 VZL 1
1 1 : . 102 1o )
spanned by [ o } and [ N } (dashed): grid spanned by ﬁ{ 1 } and ﬁ{ 1 } (dashed):
Sage] svd_rotate(angle = 0) Sage] svd_rotate(angle = 45)
4 4t
2| uen
e e
e
4 -4t

Finally, here is the special situation (given by the SVD!) which shows an orthogonal grid (rotated
by 58.3° degree) that is sent to another orthogonal grid (rotated by 31.7° degree):

Sage] svd_rotate(angle = 58.3)

For more pictures and detailed comments see the beautiful article:

http://www.ams.org/samplings/feature-column/fcarc-svd

Armin Straub 86
straub@southalabama.edu


http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd
http://www.ams.org/samplings/feature-column/fcarc-svd

Notes for Lecture 35 Wed, 4/22/2026

Review. Let A be m xn. The SVD A=UXV 7 is equivalent to AV =UYX. That is, Av,=o;u;.
Here, u; and v; (the columns of U and V') are orthonormal bases of the output and input spaces (R™ and R").

Make sure you see what happens to the input vector v; (from IR™) when A=UXV 7 is applied:
e VT =V"1!sends v; to e; (ey, ..., e, are the standard basis vectors in R"),
e X sends e; to 0;€; (€1, ..., €, are the standard basis vectors in R™),

e U sends é; to u; and, hence, 0;é; to o;u; (which is in R™).
If we choose u; and v; as the new standard basis, then the linear map « — Ax has matrix X
(diagonal). In that basis, A is just scaling the basis vectors!

Example 175. Show that the eigenvalues of A”A are all nonnegative.
Proof. Suppose that )\ is an eigenvalue of ATA. Then ATAv = \v (where v is a \-eigenvector).

It follows that vTATAv = AvTv = \||v||%. Finally, A||v||? >0 implies that A > 0. O
=[lAv|>>0

The pseudoinverse of an m x n matrix A is the matrix A™ such that the system Az =b has
“optimal” solution = = ATb.

Here, “optimal” means that @ is the smallest least squares solution.

In particular:
e If Ax=0> has a unique solution, then = A1b is that solution.

e If Ax = b has many solutions, then x = Atb is the one of smallest norm (the “optimal” one; and there
is indeed only one such optimal solution).

e If Ax = b is inconsistent but has a unique least squares solution, then & = A1b is that least squares
solution.

e If Az =b has many least squares solutions, then & = ATb is the one with smallest norm.

When there is a unique (least squares) solution, we know how to find the pseudoinverse:
e If Ais invertible, then AT =A"1

e If A has full column rank, then AT = (ATA)=1AT,

Recall. If Az = b is inconsistent, a least squares solution can be determined by solving ATAx = ATb.
If A has full column rank (i.e. the columns of A are independent; in this context, the typical case), then
x = (ATA)~1ATb is the unique least squares solution to Ax = b.

Example 176.
(20
(a) What is the pseudoinverse of X =| 0 3 ]?
L0 o0
(b) What is the pseudoinverse of > = _ g g 8 ]7
(c) What is the pseudoinverse of ¥ = _ 3 8 8 ]?

(d) In each case, compute 3% and X3,
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Solution.

(a) Recall that, if A has full column rank, then AT = (ATA)~1AT,

Ts | 4 0 + TSN\ —1yT _ | 1/4 200(_11/2 0 O
Here, . E—[Og],sothatE = (xTy)~ 1% _[ 1/9][030]_[ / 1/30].

2 0 by
Alternative. Let us think about the optimal solution to Y& = b, that is, [ 0 3 M o1 ]:{ bo }

0 0
b1/2
b/ 3

Since[lg;?g}:{l(/f 1(/)3 O}b we conclude that =1+ = [162 133 8}.

The (unique) least squares solution is x :{ } (Review if this is not obvious!)

(b) Let us think about the smallest norm (“optimal”) solution to Ya = b, that is, [ (2) g 8 } z; }:[ by }

bi/2
The general solution is @ —{ by/3 } where t is a free parameter.
t

by
Clearly, the smallest norm solution is [ bs/3 ]
0

by/2 1/2 0 1/2 0
Since | b,/3 |=| 0 1/3 |b, we conclude that Xt =| 0o 1/3|.
0 0 0 0 0

T
(c) Now, Y& =b, that is, [ (2) 8 8 }{ Zo ]:{ Zl } has no solution (unless by = 0).
2
T3
We therefore need to think about least squares solutions.

bi/2
The general least squares solution (why?!) is @ :[ s ], where s,t are free parameters.

bi/2
Clearly, the smallest norm least squares solution is [ ]
2

by /2 1/2 0 1/
Since 0 =| o0 b, we conclude that Xt =| o
0 0 0 0

o oo
[

2 0 2 0 100
(d) First|y,2+22{1/2 0 0}[0 3}_[1 O}andEEJF: o 3}[1/2 0 0} {0 1 0}_
0 /30 ;¢ 01 00 0 1/30 00 0

=

Secondly, X% =

1/2 0 50 0 [100] 200 1/2
0 1/3 =010 |and XXt =
o 0]{030} 0 [030

o

[Note how the pseudoinverse tries to behave like the regular inverse. But since X has only 2 columns,
Y+ and X1 can have rank at most 2 (so cannot be the full 3 x 3 identity).]

1/2 0 100 1/2 0
Thirdly, 5t =| 0 0[388} 000 andZZ‘*‘z[(Q)gg} 0 o :Hg}
0 0 000 0 0

[Here, X has rank 1, so that 2+ and X1 can have rank at most 1]

In general. Proceeding, as in this example, we find that the pseudoinverse of any m X n diagonal matrix X is
the n X m (transposed dimensions!) diagonal matrix whose nonzero entries are the inverses of the entries of 3.

Comment. Observe that, in all three cases, 2T+ =13,

0 0
pseudoinverse is not a continuous operation.

+ +
Comment. Note that [ ! 2 ] = { ! 591 } for small € # 0, while [ (1) 8 } = {(1) 8 } This shows that the
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Notes for Lecture 36 Fri, 4/24/2026

It turns out that the pseudoinverse A™ can be easily obtained from the SVD of A:

Theorem 177. The pseudoinverse of an m x n matrix A with SVD A=UXV 7 is
At =VvxtuT,

where X7, the pseudoinverse of 3, is the n x m diagonal matrix, whose nonzero entries are the
inverses of the entries of >.

Proof. The equation Ax =b is equivalent to USV7Tx =b and, thus, SVZxe =U7Tb.

Write y = VT and note that 3 and a have the same norm (why?!).

We already know that the equation Yy = U”b has optimal solution y =XTU7b.

Since y and = have the same norm, it follows that & = Vy = VX TU”b is the optimal solution to Az = b.
Hence, At =VxtUT. O

Lemma 178. The pseudoinverse of AT is ATT = A.

Proof. Starting with the SVD A=UXV7T, we have At =VXTUT, which is the SVD of AT.

Therefore, ATt =UX1t+tVT. The claim thus follows from T+ =X. O
- - 1 71 -
Example 179. Determine the pseudoinverse of A=| 0 1 | in two ways.
10

First, using the SVD and, second, using the fact that A has full column rank.
Solution. (SVD) We have computed the SVD of this matrix before.

[-2/v6 o -1/v3] _ [v3o] L7

_ B T B . _ 11
Since A=UXV WIthU_l,ll//\/ﬁg 1;@ *11//\/\/§§J'Z_[8 éJ'V_\/?{ 1 1]
0
0

the pseudoinverse is AT =V TUT where =+ :{ 1/0\/3 (1) }

Multiplying these matrices, A*:%{ jl ; f }

Comment. For many applications, it may be neither necessary nor helpful to multiply V', %+, U7

Solution. (full column rank) Since A clearly has full column rank, we also have AT = (ATA)~1AT.

Indeed, A+ = (ATA) AT =] 2 VT 10 H=df2 L o a2,

Example 180. What is the pseudoinverse of A:[ f ? }?

Solution. Recall (or compute) that A=UxVT with U =2 [ 2 -1 }, E:{ V10 0 }, V:L{ Lt }

= 3
Hence, AT =V X1tUT where Z"':{ 1/\0/ﬁ 8 }

Multiplying these matrices (which may not be necessary or helpful for applications), At :%[ ; } }

Note. Since A does not have full column rank, AT = (ATA)~1 AT cannot be used. That's because A”A is not
invertible.

Comment. Here, A+A:vlv?:%[ } } } and AA+:u1u1T:é[ ;1 f } are not visually like the identity. How-

ever, note that these are the (orthogonal) projections onto v; and w; respectively (in particular, the eigenvalues
are 1,0).
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Review.

e If the m x n matrix A has SVD A=UXV7, then its pseudoinverse is AT =VX+UT.

Here, =T, the pseudoinverse of &, is the n x m diagonal matrix, whose nonzero entries are the inverses
of the entries of ..

o The system Ax = b has “optimal” solution = ATb.
Here, “optimal”’ means that @ is the smallest least squares solution.
Example 181.
(a) Find the pseudoinverse of A=[1 2 3].

(b) Find the smallest solution to x1 + 225 + 323 =6.

As before, smallest solutions means the solution @ such that ||| is as small as possible. One obvious
solution is [ 1,1,1 |7, but is it the smallest?

Solution.

1 1
(a) ATA—|:2:|[1 2 3}—{2
3 3

O = N

3 1 -2 -3
6 ] has 14-eigenvector { 2 } and O-eigenvectors { 1 ],{ 0 ]
9 3 0

1
ulzgilAvlzﬁ[l 2 3}114{§}:1
1//14 = *—|
Hence, A=USVT withU=[1],S=[ /T4 0 0], V= 2/yTT + « |.
[3/m * *J
1//T4 x = 1/\/14 1
A+:VE+UT:|—2/\/H * *-||V 0 -I[l]_114|:2:|
[3/@ * *J[ 0 J 3
Comment. No surprise on U. The only options for U are U=[1]and U=] —1 ].

Comment. Realizing what we did here allows us to write down AT immediately for all 1 x 1 matrices
A. See Example 182.

Homework. Complete the SVD of A. That is, find an option for the two missing columns of V, so that
V' is an orthogonal matrix. In other words, find an orthonormal basis for the O-eigenspace.

Comment. An even better approach would be to compute A A7 first (instead of AT'A) which would
allow us to compute U first (rather than V' first). Can you fill in the blanks?

(b) We are solving Ax=[6 ]| with A=[1 2 3] as in the previous example.

1
We conclude that the smallest solution is x = AT[ 6 ] == 2

3
|:1:|
3

Geometric picture. The equation 1+ 222+ 323 =6 describes a plane (not through the origin), and we
are asking for the point on that plane which is closest to the origin. That’s a typical question in Calculus
IIl. Note that [ 1 2 3 ]7 is the normal vector of the plane. Explain why the answer had to be a multiple
of that normal vector!

3

Compare. ‘ = 7\/14 ~ 1.604 is indeed smaller than, say,

1
{ 1 ]H =./3~1.732.
1

Example 182. More generally, find the pseudoinverse of A=[a; as as].

ay
Solution. As in the previous example, we see that the answer will be AT = ﬁ with a :[ as ]
as
Comment. Likewise for A=[a; as ... ay|.
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Notes for Lecture 37 Mon, 4/27/2026

Example 183. How is the rank of A reflected in its singular value decomposition A =UXV1?

Solution. The rank of A is equal to the number of nonzero singular values.

Theorem 184. (matrix approximation lemma) Suppose A is a m X n matrix, and we want
to approximate A using a matrix B of rank s (smaller than the rank of A).

Let A=UXVT be the SVD of A (with singular values in decreasing order).

Then, the best such approximation is B =U,%, V., where ¥ is the s x s diagonal matrix with
entries 01,09, ..., 05 and Us, V5 are obtained from U,V by only taking the first s columns.

Comment. Note that, by choosing s small compared to 7, we can store an approximation of A using much less
data. This approximation will be good if the omitted singular values 051, 0542, ..., 0, are all “small”.

Comment. Equivalently, B = US. VT, where X, is now obtained from & by setting all but the largest s singular
values to 0. In other words, > has the values 01, 09, ..., 05 on its diagonal, followed by zeros.

In other words. Here is another common way to say the same thing:

”

e Observe that A=UXV7T is equivalent to A= Z aiui'v;r.
i=1

e Each matrix uiviT has rank 1.

S
e The best rank s approximation to A is B = Z Uiui'uiT.
=1

Advanced comment. Here, “best” approximation is measured using the Frobenius norm of a matrix A (which
is the same as the norm of a vector with all the entries of A).

Example 185. Determine the best rank 1 approximation of A:[ 1 (1) —11 }

Solution. We determine (do it!) that A has the SVD

T
10 \/Eoo[l/‘/g_l/ﬁl/\/g]_111
RIS Er e v R IR
Hence, the best rank 1 approximation of A is (that is, we keep 1 singular value only) is
ﬁNﬂT:{l 1 1}

[3][m[w§J Do

1 3
v [1/v38 —1/va 1/ T
Comment. Equivalently, {(1) Pl H \ég 8 8}[ 1/3 0 72/\/€J :[(1)
1/v/3 1/v2  1/6

[
O
[E—

1 —
Example 186. Determine the best rank 1 approximation of A= l 0 1 }
10
-2/v6 0  —1/V3 30
Solution. Recall that A=UXV 7T with U:( 1/V6 1//2 —1/\/3-| = \0[ 1-|,V ! {71 1}
| s e s | Lo o

Hence, the best rank 1 approximation of A is - 712 [ V3 }i{ -1 }T—i -1 12

! V6 -1 V2L 1 2 1 -1 .
Comment. The best rank 2 approximation of A is, of course, A itself. Observe that we can delete the third
column of U and the third row of 3 without changing the product.
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Example 187. (image compression) Let us load a 341x512 grayscale photo and store it as a
matrix A. Each entry of the matrix is a value between 0 (black) and 1 (white).

The beautiful picture is taken from: http://www.southalabama.edu/departments/publicrelations/brand/photography.html

[The same approach works with color pictures. These are often represented by three matrices: one for the red
component of the pixel, one for the green and for the blue component (RGB color scheme).]

Sage] import pylab
Sage] A = matrix(pylab.imread(’/home/armin/photo.png?’))
Sage] A.dimensions()
(341,512)
Sage] A[0,0]
0.137254908681
Sage] matrix_plot(A, cmap=’gray’)
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Next, we compute the SVD of A. Despite the size of A that takes the computer only a fraction of a second:

Sage] U,S,V = A.SVD()
Sage] S.diagonal()[:6]
[238.443435709, 79.4429775448, 35.4540786319, 20.5662302846, 20.0697710337, 13.3421216529]

Sage] list_plot(S.diagonal(), scale=’semilogy’)
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As we can see, the magnitude of the singular values drops off quickly. We get a good approximation to A (our
original photo) by computing a best rank s approximation to A by computing Us;X;V; where 35 is the s X s
diagonal matrix with entries o1, 02, ..., 05 and Us, V5 are obtained from the corresponding matrices in the SVD
A=UXVT by only taking the first s columns.

Sage] def A_approx(s):
UO = U.matrix_from_columns([0..s-1])
SO = diagonal_matrix(S.diagonal()[:s])
VO = V.matrix_from_columns([0..s-1])
return UO*S0*VO.transpose()

Taking only 100 of the 341 singular values, we get an approximation which is almost as good as the original:

Sage] matrix_plot(A_approx(100), cmap=’gray’)
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But notice the development of artifacts. Taking only 20 of the 341 singular values, a lot is visibly lost:

Sage] matrix_plot(A_approx(20), cmap=’gray’)
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oF T T T

100

150

200 -

300

Comment. Image compression is just one (nice visual) example of the power of SVD. A variation of this approach
can, for instance, also be used for image denoising. Much more generally, the SVD is able to extract the most
important features of any sort of data!
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Notes for Lecture 38 Wed, 4/29/2026

Review. matrix approximation and compression

‘ Fourier series

A Fourier series for a function f(x) is a series of the form
f(x) =ao+ ajcos(x) + bysin(z) + agcos(2x) + besin(2z) + -+

You may have seen Fourier series in other classes before. Our goal here is to tie them in with what
we have learned about orthogonality.

In these other classes, you would have seen formulas for the coefficients ar and bi. We will see where those
come from.

Observe that the right-hand side combination of cosines and sines is 27-periodic.
Let us consider (nice) functions on [0, 27].
Or, equivalently, functions that are 27-periodic.
We know that a natural inner product for that space of functions is
27

(fy9)= [ [f(t)gt)dt.

0

Example 188. Show that cos(z) and sin(x) are orthogonal (in that sense).

27 2m
Solution. (Cos(x),sin(x»:/o cos(t)sin(t)dt:[%(sin(t))ﬂ =0

0

In fact:

| All the functions 1, cos(z), sin(z), cos(2z),sin(2z), ... are orthogonal to each other! |

Moreover, they form a basis in the sense that every other (nice) function can be written as a (infinite) linear
combination of these basis functions.

Example 189. What is the norm of cos(z)?
Solution. (cos(z), cos(x)) = /Qﬁcos(t)cos(t)dt:w
Why? There's many ways to e\(;aluate this integral. For instance:
e integration by parts
e using a trig identity
e here's a simple way:
o fOQW cos?(t)dt = 027rsir12(t)dt (cos and sin are just a shift apart)
o cos?(t) +sin?(t) =1
o So: fOQWCOSQ(t)dt:% 027T1dx:7r

Hence, cos(x) is not normalized. It has norm ||cos(z)|| = /7.

Similarly. The same calculation shows that cos(kx) and sin(kx) have norm /7 as well.
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Example 190. How do we find, say, b5?

Solution. Since the functions 1, cos(z), sin(x), cos(2x), sin(2z), ..., the term basin(2x) is the orthogonal
projection of f(z) onto sin(2z).

: 27
In particular, bo = (f(z),sin(22)) _ 1 f(t)sin(2t)dx.

(sin(2z),sin(2z)) 7/,

In conclusion:
A (nice) f(x) on [0, 27] has the Fourier series

f(x)=ag+ aicos(x) + bisin(x) 4+ agcos(2x) 4 basin(2z) + -+

where

27
ak=<ci£§2§f‘lif§?gﬁ>>= %A f(t)eos(kt)dt,

(f(z),sin(kx)) _ 1 27Tf(t)sin(k:t)dt,
™Jo

(sin(kx), sin(kz)) ,
(f(z),1) 1 ﬂf(t)dt.

an = ———F—F-—— = R

<131> 27 0

The next example illustrates that we can likewise deal with intervals other than [0, 27| (or,
equivalently, 27-periodic functions).

The main observation is that, since cos(x) has period 27, the scaled function cos(%ac) has period L.

As we are just scaling, it is not hard to see that the functions

1, cos 2—7r:c sin 2_7rm cos 2-2—7rx sin 2~2—7T:c cos 3-2—7T:c
b) L b L b) L b) L b L bR

are still orthogonal to each other—now, adjusted for period L, with respect to the inner product

(f,9) —/OLf(t)g(t)dt.

Example 191. Suppose that f(x) is 5-periodic. Write down the first few terms of the Fourier
series for f(x) with undetermined coefficients. Spell out how to compute the coefficients of the
sine functions.

Solution. The Fourier series for f(x) is

flx)y=ao+ alcos(%w) + blsin(%rw) + azcos(%x) + bgsin(%rw) + agcos(%rx) + ...

The coefficients b,, can be computed as

B <f(x),sin(2?ﬁnx)> B fg)f(t)sin(%nt)dt 9 5 [ or
= <sin(%nm),sin(%nm)> B fgsiHQ(%nt)dt _g/o f(t)Sln<?nt>dt.

For the final (optional) equality, we used that fgsinQ(z?wnt)dt: fé’cos?(

27

. nt)dt combined with cos? + sin?=

1 to conclude that the integral in the denominator must be g
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Example 192. Find the Fourier series of the 27-periodic function f(t) defined by

—1, forte (—m,0),
ft)y=< +1, for te (0,7),
0, fort=—m,0,m.

s
Solution. We compute ao:%/ f()dt=0, as well as
-7

anp = %/_:f(t)cos(nt)dt:%[/Oﬁcos(nt)dt+/Oﬂcos(nt)dt] =0

be = /_ :f(t)sin(nt)dt:%[— / ? sin(nt)dt + A Wsin(nt)dt]:%[l—cos(nw)]

B i[l—(—l)"]— Trin if n is odd
™ 1o

if n is even

[ee]

. _ 4 . _ 4 1. 1.
In conclusion, f(t)= nz_:l %sm(nt) = 7T<51n(1§) + 3sm(?)t) + 551n(5t) + )
n odd

Observation. The coefficients a,, are zero for all n if and only if f(¢) is odd.

Comment. The value of f(t) for t = —m, 0, 7 is irrelevant to the computation of the Fourier series. They are
chosen so that f(t) is equal to the Fourier series for all ¢ (recall that, at a jump discontinuity ¢, the Fourier series

converges to the average W)

Comment. Plot the (sum of the) first few terms of the Fourier series. What do you observe? The “overshooting”
is known as the Gibbs phenomenon: https://en.wikipedia.org/wiki/Gibbs_phenomenon

Comment. Set t= % in the Fourier series we just computed, to get Leibniz’ series m = 4[1 — % + % — % + ...

For such an alternating series, the error made by stopping at the term 1/n is on the order of 1 /n. To compute
the 768 digits of 7 to get to the Feynman point (3.14159265...721134999999...), we would (roughly) need
1/n<1077%8 or n>107%%. That's a lot of terms! (Roger Penrose, for instance, estimates that there are about
108Y atoms in the observable universe.)

Remark. Convergence of such series is not completely obvious! Recall, for instance, that the (odd part of) the
1

harmonic series 1 + 3

+ % + % + --- diverges. (On the other hand, do you remember the alternating sign test
from Calculus 117)
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