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Review: Examples of differential equations we can solve

Let's start with one of the simplest (and most fundamental) differential equations (DE). It is first-
order (only a first derivative) and linear with constant coefficients.

Example 12. Solve 3y’ =3y.

Solution. y(z)=Ce3*

Check. Indeed, if y(z) = Ce3?, then y/(z) =3Ce3* =3y(x).

Comment. Recall we can always easily check whether a function solves a differential equation. This means that
(although you might be unfamiliar with the techniques for solving) you can use computer algebra systems like
Sage to solve differential equations without trust issues.

To describe a unique solution, additional constraints need to be imposed.

Example 13. Solve the initial value problem (IVP) y'=3y, y(0)=5.

Solution. This has the unique solution y(x) = 5e3%.

The following is a nonlinear differential equation. In general, such equations are much more
complicated than linear ones. We can solve this particular one because it is separable.

Example 14. Solve 3y’ = x>

Solution. This DE is separable: %dy =z dz. Integrating, we find —% = éajz +C.

Hence, y = v 2
’ - T — —
sz2 4 C D —x
[Here, D = —2C but that relationship doesn't matter; it only matters that the solution has a free parameter.]

Note. Note that we did not find the solution y =0 (lost when dividing by 3?). It is called a singular solution
because it is not part of the general solution (the one-parameter family found above). [Although, we can obtain
it from the general solution by letting D — 00.]

Check. Compute y’ and verify that the DE is indeed satisfied.
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Review: Linear DEs

Linear DEs of order n are those that can be written in the form

y™ 4 Py _1(2) y" Y 4 4 Pi(z)y + Po(z)y = f(z).

The corresponding homogeneous linear DE is the DE

y ™ 4 Pooa(2) g o Pr(a)y’ + Po(x)y =0,

and it plays an important role in solving the original linear DE.

Important. Note that a linear DE is homogeneous if and only if the zero function y(z) =0 is a solution.

In terms of D:d%, the original DE becomes: Ly = f(x) where L is the differential operator

L=D"+P, 1(x)D" '+ ...+ Pi(x)D + Py(x).

The corresponding homogeneous linear DE is Ly =0.

Linear DEs have a lot of structure that makes it possible to understand them more deeply. Most
notably, their general solution always has the following structure:

(general solution of linear DEs) For a linear DE Ly = f(x) of order n, the general solution
always takes the form

y(x) = yp(z) + Cry1(w) + ... + Cryn(w),

where y,, is any single solution (called a particular solution) and y1, 2, ..., ¥, are solutions to
the corresponding homogeneous linear DE Ly =0.

Comment. If the linear DE is already homogeneous, then the zero function y(z) =0 is a solution and we can
use yp, = 0. In that case, the general solution is of the form y(z) = Ciy1 4+ Cay2 + --- + Cpyn.

Why? The key to this is that the differential operator L is linear, meaning that, for any functions f1(z), fao(x)
and any constants c1, c2, we have

Licifi(z) + e2fa(x)) = erL(f1(x)) + c2L( fa(x))-

If this is not clear, consider first a case like L = D™ or work through the next example for the order 2 case.

Example 15. (extra) Suppose that L= D?+ P(z)D + Q(x). Verify that the operator L is linear.
Solution. We need to show that the operator L satisfies
L(c1fi(z) + cafa(z)) = c1 L(f1(z)) + c2L(f2(x))
for any functions fi(x), fa(z) and any constants ¢, ca. Indeed:

L(cifi+eaf2) = (crfi+eafe)”+ Px)(cifi+caf2) + Qx)(c1f1 +cafo)

= ca{/{'+P@)[{+ Q) [1} +ca{ fo' + P(2) f2+ Q() f2}
= c1-Lfi4+co-Lfs
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Example 16. (extra) Consider the following DEs. If linear, write them in operator form as
Ly= f(x).

(@) y" =y

(b) 2%y +xy’ = (2 +4)y + x(2° +3)

(©) y'=y'+2y+2(1 -z —2?)

(d) y"=y'+2y+2(1 -z —y?)
Solution.

(a) This is a homogeneous linear DE:  (D? —z)y= 0
L f(=)
Note. This is known as the Airy equation, which we will meet again later. The general solution is of the
form Cry1(x) + Caya(x) for two special solutions y1, y2. [In the literature, one usually chooses functions
called Ai(x) and Bi(x) as y1 and ys. See: https://en.wikipedia.org/wiki/Airy_function]

(b) This is an inhomogeneous linear DE:  (2D?+ 2D — (22 +4))y = z(2? + 3)
L I (=)
Note. The corresponding homogeneous DE is an instance of the “modified Bessel equation” z2y’ +
zy’ — (w2 + a2)y =0, namely the case a = 2. Because they are important for applications (but cannot
be written in terms of familiar functions), people have introduced names for two special solutions of this
differential equation: I, (x) and K,(z) (called modified Bessel functions of the first and second kind).

It follows that the general solution of the modified Bessel equation is C11,(z) + CoK ().

In our case. The general solution of the homogeneous DE (which is the modified Bessel equation with
a =2)is C1lz2(x) + CoKa(x). On the other hand, we can (do it!) easily check (this is coming from
nowhere at this point!) that y, = —z is a particular solution to the original inhomogeneous DE.

It follows that the general solution to the original DE is C112(x) + CoKa(x) — x.

(c) This is an inhomogeneous linear DE: (D2 — D —2)y=2(1 —z — 2?)
L f(=)
Note. We will recall in Example 17 that the corresponding homogeneous DE (D2 — D —2)y=0 has
general solution C1e2* + Cae~%. On the other hand, we can check that y, = 22 is a particular solution
of the original inhomogeneous DE. (Do you recall from DE1 how to find this particular solution?)

x

It follows that the general solution to the original DE is 22 4+ C1e2* + Coe™*.

(d) This is not a linear DE because of the term y2. It cannot be written in the form Ly = f(x).

\ Homogeneous linear DEs with constant coefficients

Example 17. Find the general solution to 3"/ — v’ — 2y =0.

Solution. We recall from Differential Equations | that e”" solves this DE for the right choice of 7.
Plugging €”” into the DE, we get r2e"™® — re”™ — 2¢™% = (.
Equivalently, 72—+ —2=0. This is called the characteristic equation. lts solutions are r =2, —1.

This means we found the two solutions y; = €%, yo =e 7.

Since this a homogeneous linear DE, the general solution is y = C1e2* + Che ~*.

Solution. (operators) y”/ —y’ — 2y =0 is equivalent to (D? — D —2)y =0.

Note that D? — D — 2= (D — 2)(D + 1) is the characteristic polynomial.

It follows that we get solutions to (D —2)(D+ 1)y =0 from (D —2)y =0 and (D +1)y=0.

(D —2)y =0 is solved by y1 = e?*, and (D + 1)y =0 is solved by y2 =e~%; as in the previous solution.
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